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PREFACE.

THE rearrangement of the Elementary Algebra of
Messrs. Hall and Knight was undertaken in the hope
of being able to give to our advanced secondary schools
a work that would fully meet their requirements in this
important study. Many changes were made and ad-
ditional subject-matter introduced. The Ailgebra for
Beginners, however, so fully meets the needs of the
class of students for which it was written, that we have
made only such changes as seemed to bring out more
clearly important points, and better adapt it to American
schools.

‘With reference to the arrangement of topics, we quote
from Messrs. Hall and Knight’s preface to a former
edition :

“OQur order has been determined mainly by two con-
siderations: first, a desire to introduce as early as pos-
sible the practical side of the subject, and some of its
most interesting applications, such as easy equations and
problems; and secondly, the strong opinion that all
reference to compound expressions and their resolution
into factors should be postponed until the usual opera-
tions of Algebra have been exemplified in the case of

simple expressions. By this course the beginner soon
v

1023 k8



V1 PREFACE.

becomes acquainted with the ordinary algebraical proc-
esses without encountering too many of their difficulties;
and he is learning at the same time something of the
more attractive parts of the subject.

“ As regards the early introduction of simple equations
and problems, the experience of teachers favors the
opinion that it is not wise to take a young learner
through all the somewhat mechanical rules of Factors,
Highest Common Factor, Lowest Common Multiple,
Involution, Evolution, and the various types of Frac-
tions, before making some effort to arouse his interest
and intelligence through the medium of easy equations
and problems. Moreover, this view has been amply sup-
ported by all the best text-books on Elementary Algebra
which have been recently published.”

The work will be found to meet the wants of all who
do not require a knowledge of Algebra beyond Quadratic
Equations — that portion of the subject usually covered
in the examination for admission to the classical course
of American Colleges.

FRANK L. SEVENOAK.

JUNE, 1895.
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ALGEBRA.

CHAPTER L

DEFINITIONS. SUBSTITUTIONS.

1. ALGEBRA treats of quantities as in Arithmetic, but with
greater generality ; for while the quantities used in arithmetical
processes are denoted by res which have one single definite
value, algebraical quantities are denoted by symbols which may
have any value we choose to assign to them.

The symbols employed are letters, usually those of our own
alphabet ; and, though there is no restriction as to the numerical
values a symbol may represent, it is understood that in the same
piece of work it keeps the same value throughout. Thus, when
we say “let a=1,” we do not mean that a must have the value
1 always, but only in the particular example we are considering.
Moreover, we may operate with symbols without assigning to
them any particular numerical value at all ; indeed it is with
such operations that Algebra is chiefly concerned.

‘We begin with the definitions of Algebra, premising that the

symbols +, —, x, <+, will have the same meanings as in
Arithmetic.

2. An algebraical expression is a collection of symbols;
it may consist of one or more terms, which are separated from
each other by the signs + and —. Thus 7a+5b—3c—2+2y is
an expression consisting of five terms.

Note. When no sign precedes a term the sign + is understood.

3. Expressions are either simple or compound. A simple
expression consists of one term, as 6a. A compound expression
consists of two or more terms. Compound expressions may be

¢ H.A. A



2 ALGEBRA. [cHAP.

further distinguished. Thus an expression of #wo terms, as
3a —2b, is called a binomial expression ; one of thre¢ terms, as
2a—3b+c, a trinomial ; one of more than three terms a multi-
nomial.

4, When two or more quantities are multiplied together the
result is called the product. One important difference between
the notation of Arithmetic and Algebra should be here remarked.
In Arithmetic the product of 2 and 3 is written 2 x 3, whereas
in Algebra the product of a and b may be written in any of
the forms axb, a.b, or ab. The form ab is the most usual.
Thus, if a=2, =3, the product ab=axb=2x3=6; but in
Arithmetic 23 means “ twenty-three,” or 2 x 10+ 3.

6. Each of the quantities multiplied together to form a pro-
duct is called a factor of the product. "Thus 5, a, b are the
factors of the product 5ab.

6. When one of the factors of an expression is a numerical
%%a.ntity, it is called the coefficient of the remaining factors.

us in the expression 5ab, 5 is the coeflicient. But the word
coefficient is also used in a wider sense, and it is sometimes
convenient to consider any factor, or factors, of a product as
the coefficient of the remaining factors. Thus in t{:e product
6abc, 6a may be appropriately called the coefficient of be. A
coefficient which is not merely numerical is sometimes called a
literal coefficient.

Note. When the coefficient is unity it is usually omitted. Thus
we do not write la, but simply a.

7. If a quantity be multiplied by itself any number of times,
the product is called a power of that quantiti, and is expressed
by writing the number of factors to the right of the quantity
and above it. Thus

axa is called the second power of a, and is written a?;
AXAX Wueners vesesernithird power of @, ....ouueeneennnnn. a’;
and so on.

The number which expresses the power of any quantity is
called its index or expoment. Thus 2, 5, 7 are respectively
the indices of o’ af, a’.

Note. a? is usually read ‘‘a squared”; a® is read ““a cubed”;
at is read ““a to the fourth”; and so on.

‘When the index is unity it is omitted, and we do not write
a!, but simply a. Thus g, 1a, @', 1a* all have the same meaning.
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8. The beginner must be careful to distinguish between
coefficient and vnder.

Example 1. What is the difference in meaning between 3a and a3?
By 3a we mean the product of the quantities 3 and a.
By a® we mean the third power of a; that is, the product of the
quantities a, a, a.
Thus, if a = 4,
3a=3xa=3x4=12;

adzaxaxa=4x4x4=64.

Ezxample 2. If b = 5, distinguish between 45 and 2b%,
Here 42 =4xbxb=4x5x5=100;
whereas 264 =2xbxbxbxb=2x5x5x5x5=1250.

Ezxample 3. 1f z =1, find the value of 5z%.
Here bart=bxaxxrxaexxr=56x1xlxlxl=5,

Note. The beginner should observe that every power of 1 is 1.

9, In arithmetical multiplication the order in which the
factors of a product are written is immaterial. For instance
3 x4 means 4 sets of 3 units, and 4 x3 means 3 sets of 4 units;
in each case we have 12 units in all. Thus

3x4=4x3.
In a similar way,
3xX4xb=4x3x5=4x5x3;
and it is easy to see that the same principle holds for the
product of any number of arithmetical quantities.

In like manner in Algebra ab and ba each denote the product
of the two quantities represented by the letters @ and b, and
have therefore the same value. Again, the expressions abc,
acb, bac, bea, cab, cba have the same value, each denoting the
product of the three quantities @, b, ¢. It is immaterial in
what order the factors of a product are written ; it is usual,
however, to arrange them in alphabetical order.

Fractional coefficients which are greater than unity are
usually kept in the form of improper fractions.

Example 4. If a =6, 2 =7, z =5, find the value of %ga.zz.

13 _13 _
Here 1_Oa:»:z-1_(-)><6><7><5-273.
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EXAMPLES I a.

Ifa=5b=4,¢c=1,2=3, y=12, 2=2, find the value of

1, 2a. 2, a* ‘3, 3. 4, 28 [

6. 4 T, 46 8 9, 2% 10, 3z.
11. 7% 12, 8ad 13, 62 14, 6528 15, 7.

Ifa=6,p=4,g="7,7=5, =1, find the value of
16, ap. 17. 3pg. 18, 3g=. 19, 5p°. 20, 8agz.
21, pgr 22, 8agr. 23, Tgrz. 24, 2apx. 26, T2t
26, 3pt. 27, 8 28, 9apgx. 29, 627 30, =2

Ifh=5k=8 2=4,y=1, find the value of

1 1 1 1
31. gks . 32. ékxo 33. 71/7' 34, mhlm 35, i(—)y’ .

1 1 1 1 1,,
86, g 3T i 38, 1A% 80, gt 40, Mhkay.

10. When several different quantities are multiplied together
a notation similar to that of Art. 7 is adopted. Thus aabbbbeddd
is written a2b'cd®. And conversely 7a’d? has the same meaning
as7xaxaxaxexdxd.

Example 1. If c =3, d =5, find the value of 16¢*d®.
Here 16c¢*d® =16 x 3% x 5% = (16 x 5%) x 34 = 2000 x 81 = 162000.

Note. The beginner should observe that by a suitable combination
of the factors some labour has been avoided.

Example2. lfp=4,9g=9,r=6,8=5, ﬁndt,heva.lneof32—("—8

8iph
Here 32¢r%_32x9x6_ 32x9x6x6x6 _3
81p* 81x45  8lx4xdxdx4xd 4

11, If one factor of a product is equal to 0, the product must
be equal to O, .whatever values the other factors may have. A
factor 0 is usually called a zero factor.

For instance, if #=0 then ab’zy® contains a zero factor.
Therefore ab®zy® =0 when =0, whatever be the values of a, b, .

Again, if ¢=0, then ¢3=0; therefore ab’c*=0, whatever values
a and b may have.

Note. Every power of 0 is 0.
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EXAMPLES I. b.
Ifa=3,06=2,p=10,g=1,2=0, z="1, find the value of

1, 3bp. 2, 8az. 3. 5pgz. 4, 6agz. b. bpz
6. 3b%. 7. az2 8. ¢ 9, gz 10, 56%pxt
11, a%p'z. 12, 8p°¢®. 13, bad 14, pr. 15, 8a‘qs

Ifk=1,1=2,m=0,p=38, ¢ =4, r=>5, find the value of

32 508 m 3m? 16p®
16 o M BBoge 105 20, g4

Bms 6 8 9mg 81¢*r?
21. F’ 22. '378’ 23. 2—5—@’. 24. ’m' 25- W‘

me qk Smr k
2. % oL wEZ o sk

12, We now proceed to find the numerical value of expres-
sions which contain more than one term. In these each term
can be dealt with singly by the rules already given, and by
combining the terms the numerical value of the whole expres-
sion is obtained.

13, We have already, in Art. 8, drawn attention to the
importance of carefully distinguishing between coeficient and
zmi.oz‘ ; confusion between these is such a fruitful source of
error with beginners that it may not be unnecessary once more
to dwell on the distinction.

Example. When ¢ = 5, find the value of ¢~ 4c+2¢% - 3¢

Here A=54=5x5x5x5=625;

4c=4x56=20;
23 =2x58=2x65x5x56=250;
3c2=3x52=8x5x5="17b.

Hence the value of the expression

= 625 - 20+250 - 75 = 780.

14, The beginner must also note the distinction in meanin
between the sum and the product of two or more algebraical
quantities. For instance, ab is the product of the two quan-
tities @ and b, and its value is obtained by multiplying them

together. But a+b is the sum of the two quantities @ and b,
and its value is obtained by adding them together.
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Thus if =11, =12,
the sum of @ and b is 11412, that is, 23 ;
the product of @ and b is 11 x 12, that is, 132.

15, By Art. 11 any term which contains a zero factor is-
itself zero, and may be called a zero term. :

Example. Ifa=2,b=0, x=5, y =3, find the value of
5a® - ab® + 22% + 3bay.
The expression = (5x 2%) -0+ (2x 52x3)+0
=40+ 150 = 190.
Note. The two zero terms do not affect the result.

16. In working examples the student should pay attention
to the following hints.

1. Too much importance cannot be attached to neatness of
style and arrangement. The beginner should remember that
neatness is in itself conducive to accuracy.

2. The sign = should never be used except to connect
quantities which are equal. Beginners should be particularly
careful not to employ the sign of equality in any vague and
inexact sense.

3. TUnless the expressions are very short the sisns of equality
in the steps of the work should be placed one under the other.

4. It should be clearly brought out how each step follows
from the one before it ; for this purpose it will sometimes be
advisable to add short verbal explanations; the importance of
this will be seen later.

EXAMPLES I. c.
Ifa=4,b=1,¢=38,/=5,9="1, h=0, find the value of

1, 3/+5h-"7b. 9. Tc-9h+2a. 3. 4g-5¢c-9b.
4, 3g-4h+Tec. b, 3/-29-b. 6. 9b-3c+4h.
7. 3a-9b+ec. 8. 2/-3g+5a. 0, 3c-4a+7b.
10, 3/+5h-2-4b+a. 11, 6h-7b-5a-7f+9g.
12, 7c+5b-4a+8h+3g. 13, 9% +a-3g+4f+7h.

14, f9+gh-ab. 15, gb-3hc+sb. 168, Sh+hb-38he.
17. f?-3a2+26 18, 0°-2a*+3a% 19, 30%-2b%+4h%-2he




CHAPTER II

NEGATIVE QUANTITIES. ADDITION OF LIKE TERMS.

17. IN his arithmetical work the student has been accus-
tomed to deal with numerical quantities connected by the signs
+ and - ; and in finding the value of an expression such as
13478 — 34 +6 — 4} he understands that the quantities to which
the sign + is prefixed are additive, and those to which the sign
— is prefixed are subtractive, while the first quantity, 1}, to
which no sign is prefixed, is counted among the additive terms.
The same notions prevail in Algebra ; thus in using the expres-
sion 7a+3b—4c—2d we understand the symbols 7a and 3b to
represent additive quantities, while 4¢c and 24 are subtractive.

18. In Arithmetic the sum of the additive terms is always
greater than the sum of the subtractive terms; if the reverse
were the case the result would have no arithmetical meaning.
In Algebra, however, not only may the sum of the subtractive
terms exceed that of the additive, but a subtractive term may
stand alone, and yet have a meaning quite intelligible.

Hence all algebraical quantities may be divided into positive
quantities and negative quantities, according as they are
expressed with the sign + or the sign — ; and this is quite
irrespective of any actual process of addition and subtraction.

This idea may be made clearer by one or two simple illus-
trations.

(i? Suppose a man were to gain $100 and then lose $70, his
total gain would be $30. But if he first gains $70 and then
loses $100 the result of his trading is a loss of $30.

The corresponding algebraical statements would be
$100—-870 = 4930,
$70 —$100= —$30,
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and the negative quantity in the second case is interpreted as a
debt, that is, a sum of momg' opposite in character to the positive
quantity, or gain, in the first case; in fact it may be said to
possess a subtractive quality which would produce its effect
on other transactions, or perhaps wholly counterbalance a sum
gained.

(ii) Suppose a mau starting from a given point were to walk
along a sfrggght road 100 yards forwards and then 70 yards
backwards, his distance from the starting-point would be 30
yards. But if he first walks 70 yards forwards and then 100
yards backwards his distance from the starting-point would be
30 yards, but on the opposite side of it. As before we have

100 yards— 70 yards= +30 yards,
70 yards — 100 yards= — 30 yards.
In each of these cases the man’s absolute distance from the
starting point is the same; but by taking the positive and
negative signs into account, we see that —30 is a distance from
the starting point equal in magnitude but opposite in direction
to the distance represented by +30. Thus the negative sign
may here be taken as indicating a reversal of direction.

(iii) The freezing point of the Centigrade thermometer is
marked zero, and a temperature of 15° C. means 15° above the
freezing point, while a temperature 15° below the freezing point
is indicated by —156° C.

19, Many other illustrations might be chosen; but it will
be sufficient here to remind the student that a subtractive
quantity is always opposite in character to an additive quantity
of equal absolute value. In other words subtraction is the reverse
of addition.

20. DeriniTioN. When terms do not differ, or when they
differ only in their numerical coefficients, they are called like,
otherwise they are called unlike, Thus 3aq, 7a¢; 5a°b, 2u?;
3a3b? — 4a%? are pairs of like terms; and 4a, 3b; 74% 9a% are
pairs of unlike terms.

Addition of Like Terms.

Rule I.  The sum of a number of like terms is a like term.
Rule II. If all the terms are positive, add the coefficients.
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Example. Find the value of 8a + 5a.
Here we have to increase 8 like thinﬁs by 5 like things of the

same kind, and the aggregate is 13 of such things;

for instance, 8 1bs. + 5 1bs. =13 lbs.
Hence also, 8a + 5a = 13a.
Similarly, 8a+5a+a+2a+6a = 22a.

Rule III. If all the terms are negative, add the coefficients
numerically and prefix the minus sign to the sum.

Example. To find the sum of -3z, -5z, -7z, —=.

Here the word sum indicates the aggregate of 4 subtractive
quantities of like character. In other words, we have to take away
successively 3, 5, 7, 1 like things, and the result is the same as
taking away 3+5+ 7 + 1 such things in the aggregate.

Thus the sum of -3z, —5z, -7z, —x is — 16z.

Rule IV, If the terms are not all (}’if the same sign, add to-
gether separately the coefficients of all the positive terms and the
coefficients of all the negative terms; the difference of these two
results, preceded by the sign of the greater, will give the coefficient
of the sum required. .

Ezxample 1. The sum of 172 and — 8z is 9z, for the difference of
17 and 8 is 9, and the greater is positive.

Ezxample 2. To find the sum of 8a, —9a, ~a, 3a, 4a, —1la, a.

The sum of the coefficients of the positive terms is 16.
............................................. negative.......... 21

The difference of these is 5, and the sign of the greater is nega-
tive; hence the required sum is - 5a.

‘We need not however adhere strictly to this rule, for the
terms may be added or subtracted in the order we find most
convenient.

This process is called collecting terms.

21, When quantities are connected by the signs + and —,
the resulting expression is called their algebraical sum.

Thus 1la—27a+13a= —3a states that the algebraical sum
of 11a, —27a, 13a is equal to —3a.

22, The sum of two I%uantities numerically equal but with
opposite signs is zero. us the sum of 6a and —ba is 0.
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EXAMPLES I1.
Find the sum of
1. 2a, 3a, 6a, a, 4a. 2, 4z, z, bz, 6z, 82.
3. 6b, 115, 8b, 9b, 5b. 4, 6c, 7c, 3¢, 16¢, 18¢, 101c.
6. 2p, p, 4p, Tp, 6p, 12p. 8. d, 9d, 3d, 7d, 4d, 6d, 10d.
7. -2z, -6z, -10z, —8x. 8, —3b, -13b, —19b, —5b.
9., -y, -4y, -2y, -6y, —4y. 10, —17c, —34¢c, —9c, —6ec.
11, -2y, -5y, -3y, -18y. 12, —4m, —-13m, —17Tm, —59m.
13, -4s, 35,8, 23, -2s, —s. 14, 11y, -9y, -7y, by, Ty.
15, 3z, —10z, -7z, 122,22. 16, 8ab, —6ab, 5ab, —4ab.
17, 2zy, -4ay, -3zy, 2y, Tzy. 18, 5pg, -8pq, 8pg, —4pq.
19, abe, —3abe, 2abe, - babe. 20, —xyz, "%yzr Txyz, - zyz
Find the value of
21, -9a%+1la?+3a?-4al, 22, 3b%-20%+ 7b% - 9B,
23, -1la*+3a®—-8a®-7a%+2a3. 24, 22— 3x3—623—923.
25, a??-Ta%?+8a%%+9a%% 26, ax-llax+ 3a’z—2a%2.
27, 29°¢*-31p%¢* +17p°2. 28, Tmtn - 15m*n + 3mn.
29. 9abed — 11abed - 41abed. 30. 13pqx - b6xzpg — 19gpz.



CHAPTER III

SiMPLE BRACKETS. ADDITION.

23, WHEN a number of arithmetical quantities are connected
together by the signs + and —, the value of the result is the
same in whatever order the terms are taken. This also holds
in the case of algebraical quantities.

Thus a —b+c is equivalent to a+c¢~b, for in the first of the
two expressions b is taken from @, and ¢ added to the result; in
the second ¢ is added to a, and b taken from the result. Similar
reasoning applies to all algebraical expressions. Hence -we
may write the terms of an expression in any order we please.

Thus it appears that the expression a—b may be written in
the equivalent form —b+a.

To illustrate this we may suppose, as in Art. 18, that a rep-
resents a gain of a dollars, and —b a loss of b dollars: it 1s
clearly immaterial whether the gain precedes the loss, or the
loss precedes the gain.

24. Brackets () are used to indicate that the terms enclosed
within them are to be considered as one quantity. The full use
of brackets will be considered in Chap. vir. ; here we shall deal
only with the simpler cases.

8+(13+5) means that 13 and 5 are to be added and their
sum added to 8. It is clear that 13 and 5 may be added
separately or together without altering the result.

Thus 8+(13+5)=8+13+5=26.

Similarly a+(b+c) means that the sum of b and ¢ is to be
added to a.

Thus a+(+c)y=a+b+ec.

8+ (13 —5) means that to 8 we are to add the excess of 13 over
5; now if we add 13 to 8 we have added 5 too much, and must
therefore take 5 from the result.

Thus 8+(13-5)=8+13-5=16.

b Similarly a + (b — ¢) means that to @ we are to add b, diminished
y c.
~ Thus at+(b-c)=a+b-c.
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In like manner,
at+b—ct+(d—e—f)=a+b—c+d—e-f.
By considering these results we are led to the following rule:

Rule, When an expression within brackets is preceded by the
sign +, the brackets can be removed without making any change in

the expression.

26, The expression a-(b+c) means that from a we are to
take the sum of b and ¢. The result will be the same whether
b and c are subtracted separately or in one sum. Thus

a—(b+c)=a-b-ec

Again, a—(b—c) means that from a we are to subtract the
excess of b over ¢. If from a we take b we get @ —b; but by so
doing we shall have taken away ¢ too much, and must therefore
add cto a—b. Thus

a-(b-c)y=a-b+e
In like manner,
a-b—(c—d-e)=a-b—-c+d+e.

Accordingly the following rule may be enunciated :

Rule. When an expression within brackets s preceded by the
sign —, the brackets may be removed if the sign of every term within
the brackets be changed.

Addition of Unlike Terms.

.28. When two or more like terms are to be added together we
have seen that they may be collected and the result expressed
as a single like term. If, however, the terms are unlike they
cannot collected; thus in finding the sum of two unlike

uantities a and b, all that can be done is to connect them by
the sign of addition and leave the result in the form a+b.

27. We have now to consider the meaning of an expression
like a+(—b5). Here we have to find the result of taking a
negative quantity —b together with a positive quantity a.
Now —b implies a decrease, and to add it to a is the same in
effect as to subtract b; thus

at+(-b)=a-b;
that is, the algebraical sum of « and —b is expressed by a —b.
28, It will be observed that in Algebra the word sum is used

in a wider sense than in Arithmetic. Thus, in the language of
Arithmetic, ¢—b signifies that b is to be subtracted from a,
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and bears that meaning only ; but in Algebra it is also taken
to mean the sum of the two (Auantities a and —b without any
regard to the relative magnitudes of a and b.

FExample 1. Find the sum of 3a — 5b+2¢, 2a +3b - d, —4a+2b.
The sum = (3a - 5b + 2¢) + (2a + 3b - d) + ( — 4a + 2b)
=3a-5b+2+2a+3b-d-4a+2b
=3a+2a-4a-5b+38b+2b+2c-d
=a+2-d,
by collecting like terms.

The addition is however more conveniently effected by the
following rule :

Rule. Arrange the expressions in lines so that the like terms
may be in the same vertical columns: then add each column
beginning with that on the left.

3a-5b+2¢ The algebraical sum of the terms in the

20+3 -d first column is a, that of the terms in the

—4a+% second column is zero. The single terms

=t = in the third and fourth columns are
a +2-d brought down without change.

Example 2. Add together -5ab+6bc—Tac; 8ab+3ac—-2ad;
—2ab+4ac+5ad ; be - 3ub +4ad.

—5ab +6bc—Tac
Sab +3ac-2ad Here we ﬁist rletmnge the ex-
_ pressions so that like terms are in
2ab +4ac +bad the same vertical columns, and then
—-3ab+ be +4ad add up each column separately.

- 2ab+7be +7ad

EXAMPLES III. a.
Find the sum of
3a+2b-5¢c; —4a+b—"Tc; 4a-3b+6e.
3r+2y+6z; x-3y-32; 2x+y-32.
4p+3q+6r; -2p+3q—8r; p-q+r.
T7a-5b+3c; 1lla+2b-c; 16a+5b-2c.
8-2m+5n; -6l+Tm+4n; -1-4m-8n.
ba-Tb+3c—-4d; 6b-5c+3d; b+2c-d.
2a+4b-52x; 2b-52; -3a+2; -Cb+8x+y.
Te-5y-Tz2; 4x+y; 5z; bx-3y+2z

o e

NOoOO P

&
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9., a—-20+7c+3; 26-3c+5; 8c+2; a-8-Tc.

10, 6—z-y; T+2x; 3y-22; -4+x-2.

11, 25a-15b+c; 4c-10b+13a; a-—c+20b.

12, 2a-3b-2+2x; b6x+3b-7c; 9c-6x~2a.

13, 3a-5c+2b-2d; b+2d-a; bc+3f+3e—2a-3b.
14, p-q+7r; 6g+r—p; gq-3p-r; 6g-Tp.

15, 17ab-13kl-5zy; Txy; 12kl—5ab; 38xy -4kl -ab.
16, 2ax-3by-2cz; 2by—ax+Tcz; ax—4cz+7by; cz—6by.
17, 3az+cz-4by; Tby-8ax—cz; -3hy+Y9ax.

18, 3+5cd; 2fy-3st; 1-86cd; -4+2st-fy.

19, Scx+3fy-2+2; -2fy+6-9s; -3s5-4+2zx-fy.
20, -3ab+7cd-5qr; 2ry+8qr-cd; 2cd-3qr+ab-2ry.

29, Different powers of the same letter are unlike terms;
thus the result of adding together 223 and 3z cannot be ex-
pressed by a single term, but must be left in the form 223+ 322

Similarly the algebraical sum of 5a2b? —3ab% and —0* is
5a?b? — 3ab’ — b4, is expression is in its simplest form and
cannot be abridged.

Example. Find the sum of 623 - 52, 222, 5z, —2a%, -322 2.

The sum = 62® - 5z + 222+ 5z — 22 - 323+ 2
= 62° - 20+ 223 - 327 - bz + 52+ 2
=423- 22+ 2,

This result is in descending powers of z.

30. In adding together several algebraical expressions con-
taining terms with different powers of the same letter, it will be
found convenient to arrange all expressions in descending or
ascending powers of that letter. This will be made clear Ly
the following example. .

Example 1. Add together 3a® + 7 + 62 — 5a%; 222 - 8 - Ox;
4 -2234322; 32x3-9x-2%; z-22-23+4.

- 4 In writing down the first expression

8a? g:: +gz+; we put in the first term the highest
—oE= power of z, in the second term the

~22%+ 32 + 4z next highest power, and so on till the
32® - 23-9z last term in which « does not appear.
- B- 2+ z+4 The other expressions are arranged in

the same way, so that in each column
32 -20% -T2 +3 we hn.velilaez;oweraqfthaaumeleder.
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Ezample 2. Add together
3ab?-20*+a®; ba™-ab?-3a%; 8aP+50%; 9a%-2al+ab’

- 3
2% +3ab? t @ Here each expression contains

- ab’+ Ba% - 3a® powers of two letters, and is
5b® +8a?® arranged according to descend-
ab?+ 9a?h — 2ad ing powers of b, and ascending

3% + 3ab? + 14a% + 4a® powers of a.

EXAMPLES III. b.
Find the sum of the following expressions :

1, 22+3zy-3y*; -3x2+ay+2)%; 22%-3axy+yd

9, 222-22+3; -222+5x+4; 22-2x-6.

8, b3-z2+x-1; 222-2¢x+5; -523+5x-4.

4, ad-a?b+5ab?+b%; -ad-10ab?+b%; 2a%b+5ad?- B3,

b, 323-922-112+7; 223-522+2; b2®+1522-Tx; 8x-9.

B, 2-523+8x; Tab+4x3+5xr; 823-9x; 25— Tad-4x.

7. 4m3+2m2-5m+7; 3m*+6m2-2; —-5m?+3m; 2m-6.

8. axd-4bxl+cx; 3ba?-2%x-d; bx2+2d; 2axd+d.

9., Py -9qy+Tr; -2y +3qy-6r; Tqy-4r; 3pyt

10. 5%+20y2+38y—1; -2y+5-Ty?; -3y’ -4+2°8-y.

11. 2-a+8a?-a®; 2a®-3a?+2a-2; -3a+7ad-5a2

12, 1+2y-3y*-5y3; -1+23—y; b5y3+3y2+4.

13. a*2*-3a%2%+x; 5x+T7a%?; 4a’2?-al2s-5z.

14, o°-dafy-52%°; 8xiy+22%° -6ayt; 35y +6xyt-yS

15, a®-4a?%+6abc; a?-10abc+cd; b3+ 3a%h+abe.

16, ap®-6bp*+Tcp; 65-6cp+5bp®; 3-2ap®; 2p--T.

17, F=28+11c8; -27-3c8+55; 4c8-10c5; 47— S,

18, 4R3-T7T+3h*-2h; Th-3h3+2-h%; 2h*+2R%-5.

19, 323+2y2-5x+2; T2®-5y*+T7x-5; 92°+11-8x+4y%;
6x—y2-1823-17.

20, 2*+2xy+3y*; 32+2yz+y?; a®+32+2xz; 2-3xy-3yz;
xy+xz+yz - 622 - 4y? - 23,




CHAPTER IV.

SUBTRACTION.

31, THE simplest cases of Subtraction have already come
under the head of addition of like terms, of which some are
negative. [Art. 20.]

Thus 5a—3a= 2a,
3a—"Ta= —4a,
—3a—6a= —9a.
Since subtraction is the reverse of addition,
+b-b=0;
. a=a+b-b.

Now subtract —b from the left-hand side and erase —b on
the right ; we thus get
a—(-b)=a+b.
This also follows directly from the rule for removing brackets,
[Art. 25.]

Thus 3a—(—5a)=3a+5a
=8a,
and —3a—(-5a)=—-3a+5a
=2a.

Subtraction of Unlike Terms.

32, We may proceed as in the following example. -

Ezxample. Subtract 3¢—2b—c from 4a—3b+b¢.
The difference
The expression to be subtracted is
=4a—3b+5c— (8a—2b—c) | first enclosed in brackets with a minus
=4a—3b+6c—38a+2b+c¢ sign prefixed, then on removal of the
=4a—3a—3b+2b+b¢c+c brackets the like terms are combined
=a—b+6c. Ry the rules already exclaimed in
rt. 20.
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It is, however, more convenient to arrange the work as follows,
the signs of all the terms in the lower line being changed.

4a-3b+5c The like terms are written in
-3a+2b+e the same vertical column, and each
by addition, a— b+6e¢ column is treated separately.

Rule. Change the sign of every term in the expression to be
subtracted, and add to the other expression.

Note. It is not necessary that in the expression to be subtracted
the signs should be actually changed; the operation of changing
signs ought to be performed mentally.

Example 1. From 523+ zy take 222+ 8xzy — Ty2.
In the first column we combine mentally 522

52+

223 +8xy- T2 and - 222, the algebraic sum of which is 322 In
LYY the last column the sign of the term —7,? has to
323 -Tzy +Ty? be changed before it is put down in the result.

Example 2. Subtract 3z? -2z from 1-2%

Terms containing different powers of the same letter being uniike
must stand in different columns.

—23 +1 In the first and last columns, as there is
32792 nothing to be subtracted, the terms are put
down without change of sign. In the second

~25-322+2x+1 and third columns each sign has to be changed.

The re-arrangement of terms in the first line is not necessary, but
it is convenient, because it gives the result of subtraction in descend-
ing powers of .

EXAMPLES IV.
Subtract
1, a+2b-c from 2a+3b+c.
2, 2a-b+c from 3a-5b-c.
8. 3z+y-2zfrom z-4y+32.
4, x+8y+8z from 10z -7y -6z
6, -m-3n+p from -2m+n-3p.

3p-2q+r from 4p—T7q+3r.
a-"7b-3c from -d4a+3b+8ec.
-a-b-9¢ from -a+b-9ec.
H.A. B

L
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Subtract

9, 3z-5y-7z from 2z +3y -4z
10, -4x-2y+11z from -2z+2y-132
11. -2x-5y from z+3y—2z.
12, 3z-y-8z from z+2y.
13, m-2n-p from m+2n.
14, 2p-3q-r from 2q-4r.
15, ab-2cd-ac from -ab-3cd+2ac.
16. 3ab+6¢cd - 3ac—5bd from 3ab+6cd — 4ac - 6bd.
17. -zy+yz-zz from 2zy+22.
18. -2pg-3gr+4rs from gr—4rs.
19, -mn+1lnp-3pm from - 1llnp.
20. 2% -2xy?+3zyz from 2x% + 3zyP - zy2

From

21, 2%-3z+x take —2%+3823-2,

29, -22%-2? take 2®-2?-=z.

23, a®+b - 3abc take b®—2abe.

24, -84 6bc+b%? take 4 — 3bc — 5b3c2.

25, 3p*-2pq+Tpg? take p’q-3pg’+g’.
26, 7+x-22 take b-z+2%+2%

27, —-4+2% -zyz take —3-22% + 1layz.
28. —8a3x?+522+15 take 9a%x?-822-5.
29, pP+7r3-3pgr take r+¢*+3pgr.

30, 1-322 take 2®-322+1.

31, 2+3x-72% take 322-32-2.

32, 2%+112%+4 take 822-5x-3.

33, a®+5-2a? take 8a?+3a® -17.

34, 24+32%-22-8 take 224+ 323 -2 +2.
86, 1-2x+ 322 take 7a?—4a%+3z+1.

36. 2%yz+y*a take - 3y%x - 2xy2? - 2%z,
87, 4a’z?-3axt+a® take 3a%2?+Ta%2® - a.
38, 1-z+28-at—23 take 24-1+2-2%
30, -8mn?+15m™+n3 take m® — n®+8mnd - Tmin.
40, 1-p° take 2p°-3pg®-2¢°

83. The following exercise contains miscellaneous examples
on the foregoing rules.
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MISCELLANEOUS EXAMPLES 1L
1, When =2, y=3, =4, find the value of the sum of 523,
-3xy, 23. Also find the value of 327+ 3av.

2. Add together 3ab+bc ca, —ab+ca, ab-2bc+5ca. From
the sum take 5ca + bec — ab.

8. Subtract the sum of = - y+3z and -2y-2: from the sum of
2x -5y -3z and -3zx+y+4z.

4, Simplify (1) 35 -25%-(2b- 3b2%).
(2) 3a-2b-(2b+a)—(a-5b).
6. Subtract 8¢?+8¢c~2 from #-1.

8. W'hen.é=3, a=2,y=4,2z=0, find the value of
(1) 222- 3ay+ 427, : @ 5%;_’{
7. Add together 3a?-7a+5 and 2a+5a -3, and diminish the
result by 3a2+2.

8,7 Subtract 2b2-2 from —2b+6, and increase the result by

9, Find the sum of 322-42+8, 22-3-~2% and 22?-2, and
subtract the result from 622+ 3.

:,lO ‘What expression must be added to 5a%—3a+12 to produce
9a

11, Find the sum of 2z, -2%, 322 2, -5z, -4, 323, -5::’ 8;
arrange the result in ascending powers of .

12, From what expression must the sum of 5a?-2, 3a+a? and
7 - 2a be subtracted to produce 3a*+a-5?

13, When =6, find the numerical value of the sum of 1 - 2 + 22,
2x3-1, and x - 22

14. Find the value of 6ax + (2by - ¢2) - (2ax — 3by + 4¢z) - (cz + ax),
whena=0,b=1,c=2,2=8,y=3,2=4.

15, Subtract the sum of 2% - 322, 2437z, 82-2, 5-308, 2437
from 23 +2?+2+1.
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16. What expression must be taken from the sum of p*-3p’
2p +8, 2p?, 2p* - 3p*, in order to produce 4p*~3?

17. What is the result when —32%+2a2—-1lx+5 is subtracted
from zero.

18. By how much does b+c¢ exceed b—c?

19. Find the algebraic sum of three times the square of z, twice
the cube of z, — 23+ 2 —223, and 23—z —23+1.

920, Take p?—gq? from 3pq —4¢? and add the remainder to the
sum of 4pq - p? - 3¢* and 2p? + 64>

2]1. Subtract 3b°+2b2-8 from zero, and add the result to
20° + 3b.

22. By how much does the sum of -m3+2m-1, m?-3m,
2m® — 2m? + 5, 3m® + 4m2+ 5m + 3, fall short of 11m® - 8m3+3m ?

23. Find the sum of 82°%-4a%y? Taty — zyt, 32y +22%° + byt
P-dmyprady?, 25-1yP+adyt+ayi— 2P +32%, and arrange the
result in descending powers of z.

24, To what expression must 3z — 423+ 72?+4 be added so as to
make zero? Give the answer in ascending powers of z.

25, Subtract 72?-3z - 6 from unity, and z- 52 from zero, and
add the results.

26, When a=4, =3, ¢c=2, d=0, find the value of

(1) 3a?- 2bc— ad +3b%d. @ 2
927, Find the sum of a, —3a? 4a, —6a, 7, ~18a, 4a3, —6, and
arrange the result in descending powers of a.

28, Add together 4+3z?+23 2%-23-11, 23-223+7, and sub-
tract 223 + 22 - 7 from the result.

29, If a=52z-8y+2, b=-2x+y-32, c=z-5y+6z find the
value of a+b—c.

30. If x=2a%-5a+3, y=-3a%+a+8, 2=5a2-6a—5, find the
value of z - (y+2).



CHAPTER V.

MULTIPLICATION.

34, MULTIPLICATION in its primary sense signifies repeated
addition.
Thus 3x5=3 taken 5 times
=3+4+3+3+3+3.
Here the multiplier contains 5 units, and the number of times
we take 3 is the same as the number of units in 5.
Again  axb=a taken b times
=a+a+a+a+...,the number of terms being b.
Also 3x5=5x3; and so long ~s @ and b denote positive whole
numbers it is easy to shew that
axb=bxa.
Hence abe=axbxec=(axb)xc=bxa xc=bac
=bx(axc)=bxcxa=bca.
Similarly we can show that the product of three positive
integral quantities a, b, ¢ is the same in whatever order the
factors are written.

Example. 2ax3b=2xax3xb=2x3xaxb=6ab.

30, When the quantities to be multiplied together are not
itive whole numbers, the definition of multiplication has to
modified. For example to multiply 3 by 4, we perform on

3 that operation which when performed on unity gives 4 ; that
is, we must divide 3 into 7 equal parts and take 4 of them.

By taking multiplication in this sense, the statement ab=ba
can be extended so as to include every case in which a and b
stand for positive quantities. )

. It follows as in the previous article that the product of a
number of positive factors is the same in whatever order the
factors are written.

36. Since, by definition, a®=aaa, and a®=aaaaa ;
.. adxab=aaa X aaaaa=aaaaaaaa=ad=a’*s;

that is, the index of a in the product is the sum of the indices
of a in the factors of the product.

Again, ba*=5aa, and Ta3="Taaa ;
s Ba?xTa*=5x T x aaaaa=35ab.
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‘When the expressions to be multiplied together contain
powers of different letters, a similar method is used.
Example. 5a*b® x 8a*ba® = 5aaabb x S8uabzzz
= 40a%b%2>.
Note. The beginner must be careful to observe that in this pro-
cess of multiplication the ndices of one letter cannot combine tn any

way with those of another. Thus the expression 40a%°2® admits of
no further simplification.

37. Rule. To multiply two simple expressions together,
multiply the coefficients together and prefix their product to the
product of the different letters, giving to each letter an index equal
to-the sum of the indices that letter has in the separate factors.

The rule may be extended to cases where more than two
expressions are to be multiplied together.

Ezxample 1. Find the product of % a3, and 28
The product = 22 x 23 x 28 = 22+3 x a8 = 22+3+8 = z13,

The product of three or more expressions is called the con-
tinued product.
Example 2. Find the continued product of 5x%°, 8y%S5, and 3xzz*.
The product = 522 x 8y28 x 3z24 = 120252,
38, By definition, (a+b) m=m+m+m+ ... taken a+b times
=(m+m+m+... taken a times),

together with (m+m+m+... taken b times)
=am+bm.

Also (a—-b)ym=m+m+m+ ... taken a—b times
=(m+m+m+-... taken a times),

diminished by (m+m+m+... taken b times)
=am-—bm.

Similarly (a—b+c) m=am—bm+cm.

Thus it appears that the product of a compound expression
a single factor 13 the algebraic sum of the partial products of ea%
term of the compound expression by that factor.

Examples. 3(2a+ 3b - 4c) = 6a+9b - 12c.
(422 - Ty - 82°) x 3zy? = 122%y? - 21ay® — 24y,
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EXAMPLES V. a.
Find the value of
1, 5zx1. 2, 3x25. 8, a?xa%. 4, 52 x62%
B, 63 x Tct. 6. 92 x 5y°. T, 3m3x5m®. . 8, 4a®x 6as.
9. 3z x4y. 10, 5ax6b2.  "11, 4c?x5d°. 12, 3p*x 5¢°.
13, 6axx5ax. 14, 3grx4qr. 15, abxab. 18. 3ac x 5ad.
17, a®zxatx®. 18, 3z%2x4ys 19, a’b®xa’tt. 20, atx 3a°B3.

21. a?xa’h x Sabt. 22, prtx 6p3r x Tprs.
23, 62y x xy x 9xty3. 24, 7a?x 3b3 x 5ct.
25, 6z x Ty x xz3. 26, 3abed x 5bea? x 4cabd.
Multiply
27. ab-ac by a’. 28, 2%y —ax%+4y® by 2’y
29, 5a%-3b? by 3ablct 30. a% -5ab+6a by 3a®h.
31, a?— 28 by 3% 32, 2a2?-b%+3 by alzy.
33. Tp’q-pgt+1 by 2p2 34, m?+5mn —3n? by 4m?®n.
36, zy?-32% -2 by 3yz. 36. a®-3a% by 2a%z.
39. Since (a -bym =am — bm, [Art. 38.]

by putting ¢—d in the place of m, we have
(a—d)(c-d)=a(c-d)-Yc—d)
=(c—d)a—(c—d)b
—(ac~ad)~ (bo b
=uc—ad - be+bd.
If we consider each term on the right-hand side of this result,
and the way in which it arises, we find that
(+a)x(+c) =+ac.
(=b) x(—d)=+bd.
(=0)x(+¢) =—be.
(+a)x(—d)=—ad.
These results enable us to state what is known as the Rule
of 8igns in multiplication.

Rule of 8igns, 7%e product of two terms with like signs s
positive ; the product of two terms with unlike signs is negative.
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40, The rule of signs, and especially the use of the negative
multiplier, will proba%ly present some ditliculty to the beginner.
Perhaps the following numerical instances may be useful in illus-
trating the interpretation that may be given to multiplication
by a negative quantity.

To multiply 3 by —4 we must do to 3 what is done to unity
to obtain — 4. Now —4 means that unity is taken 4 times and
the result made negative : therefore 3 x (—4) implies that 3 is
to be taken 4 times and the product made negative.

But 3 taken 4 times gives +12;
5 3x(—4)=-12

Similarly ~3x —4 indicates that —3 is to be taken 4 times,
and the sign changed ; the first operation gives —12, and the
second +12.

Thus (-3)x(—-4)=+12.
Hence, multiplication by a negative quantity indicates that we are
to proceed just as if the multiplier were positive, and then change
the sign of the product.

Example 1. Multiply 4a by —3b.
By the rule of signs the product is negative ; also 4a x 3b = 12ab ;
.~ 4ax(-3b) = —12ab.

Ezample 2. Multiply -5alz by -al’z.
Here the absolute value of the product is 5a%°%2%, and by the rule
of signs the product is positive ;
- (- 5ab’z) x (- abdz) = 5a?bba2

Ezample 3. Find the continued product of 3a%, —2a%3, —abt,

This result, however, may be
2 - 8 = — 6583 'y y
.:}a l(;:";) :c(‘ b?b‘) 6+' 61::63)7 written down at once : for

- Car= : 3a2b x 2a%° x ab = 6alh?,

Thus t}°1e7 complete pro- | and by the rule of signs the re-
duct is 6a®’. quired product is positive.

Example 4. Multiply 6a® - 5a2b — 4al? by - 3ab”

The product is the algebraical sum of the partial products formed
according to the rule enunciated in Art. 37 ;

thus  (6a® - 6a — 4ab?) x ( - 3ab?) = — 18a*)?+ 15a33 + 12ab4
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EXAMPLES V. b.
Multiply together
1, a -2 2, -3, 4x. 3, —2% -2 4, -5m, 3md
b. -4q, 3¢% 6., —413, -4y T, -3m3, 3md. 8, 4xf, —dat,
9, -3z, —~4y. 10, -50% 4z. 11, -37% -4¢% 12, 3ab, —4ab.
13, 3@? -0% 2ab. 14, -a, -b, -c% 16, 3a%, -2b, —4¢%, - d.
16. -3ab, —4ac,3bc. 17, -2a% —3a%,-6. 18, —2p, —3q, 43, - t.

Multiply
19, -ab+ac-bc by -ab. 20, -3a?-4ax+522 by -alsd.
21, a*c-ac®+ct by -ade. 22, ~2ab+cd -ef by - 3233

41, To further illustrate the use of the rule of si we add
a few examples in substitution where some of the symbols
denote negative quantities.

Example 1. If a = —4, find the value of a®.

Here ad=(-4P=(-4)x(-4)x(-4)= -64.

By reiea.ted applications of the rule of signs it may easily be

shown that any odd power of a negative quantity is negative,
and any even power of a negative quantity is positive.

Example2. Ifa=-1,0=3,¢= -2, find the value of — 3a%hcs,

Here -3a'bc®= -3x(-1)4x3x(-2) We write down at
=-3x(+1)x3x(-8) once, (-1)*= +1, and
= 72. (-2P=-8

EXAMPLES V. c
a=-1 =0, ¢c= -2, n=1, g= -3, find the value of

1. 3 2. -b5a. 8, an 4, (-a)3
b. -3 6. (-9* 7. -2a8 8. -ac

9, ab. 10, —acn. 11, -3a4 12, 4(-cp.
18, 2abel, 14, - 16, ~-(a)t. 16, -3a%.

17, -a%d, 18, ac’ 19, -a¢ 20, ¢
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Ifa=-8, ¢=1, k=0, =5, y= -1, find the value of

21. 3a-2y+4k. 22, -4c—3x+2. 23. -da+5y—=z.
24, ac-3cy-yk. 25, 2ay - kxz+4k% 26, a?-2c2+3y2
27, —-a?-ay+3y% 28, az-yz-cy. 29, c2-y:-S+y8
30, a®-2?-2y. 81, c*y?-2act+ck: 32, acy-y+2al.

Maultiplication of Compound Expressions.
42, To find the product of a+b and c+d.

From Art. 38, (a+dm=am+bm;

replacing m by c+d, we have
(a+b)(c+d)=a(c+d)+blc+d)
=(c+d)a+(c+d)b

: =ac+ad+bc+bd.

Similarly it may be shown that
(a—bXc+d)=act+ad—bc—bd;
(a+bdXc—d)y=ac—ad+bc—-bd ;
(a—b)(c—d)=ac—ad—be+bd.

43, When one or both of the expressions to be multiplied
together contain more than two terms a similar method may be
used. For instance

(a—b+cyn=am—bm+cm ;
replacing m by x—y, we have
(a-btofz-g)=a(z-y)-blz-g)+dz-y)
=(az - ay) - (bz - by) +(cz - cz)
=azr—ay - br+by+cr-cy.

44, The preceding results enable us to state the general rule

for multiplying together any two compound expressions.

Rule. Multiply each term of the first expression by each term
of the second. hen the terms multiplied together have like signs,
prefix to the product the sign +, when unlike prefix — ; the
algebraical sum of the partial products so formed gives the com-

Dplete product.

46, It should be noticed that the product of a+band z—-y
is briefly expressed by (a+b)«—y), in which the brackets
indicate that the expression a+b taken as a whole is to be
multiplied by the expression # -y taken as a whole. By the
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above rule, the value of the product is the algebraical sum of
the partial products +ax, +bz, —ay, —by; the sign of each
product being determined by the rule of signs.

Example 1. Multiply z+8 by z+7.
The product =(x+8)(x+7)
=248z + 72 +56
= 2%+ 152 +£6.
The operation is more conveniently arranged as follows :
z+ 8 We in on the left and work
z+ 17 to the right, placing the second
2+ 8z result one place to the right, so
+ Tx+56 that like terms may stand in the
by addition, 21152456, same v.ettlcal column.
Exzample 2. Multiply 2x - 3y by 42 -Ty.
2x -3y
4z -7y
82122y
— 142y + 2148
by addition, 822 - 26xy + 21y,
EXAMPLES V. d.
Find the product of
1. a+7,a+5. 2, z=-3,z+4. 3. a-6,a-1.
4, y-4, y+4. b, x+9,2-8. 6., ¢-8,c+8.
7. k+5, k-5. 8, m-9, m+12. 9, z-12, z+11.
10, a-14,a+1. 11, »-10, p+10. 12, d+7,d+7.
13, z-4, -z+4. 14, -y+3, -y-38. 15, -a+4,-a+b.
16, «-10, -z+8. 17, -k+4, -k-7. 18, -y-7,-y-T.
19, 2a-5,3a+2. 20, z-7,2zx+5. 21, 3z-4,2x+3.
22, 3y-5, y+17. 23, om-4,7m-3. 24, Tp-2, 2p+7.
26, z-3a,2x+3a. 26, 3c-2b,2a+3b. 27, bc+4d,5c—4d.
28, a-2x,3a+2x. 29, To+e, TH-2c. 30, 2a-5¢,2a+ 5¢.
81. 3z-5y, 4z+y. 32, 2y-3z, 2y+3z 33, xy+2b, xy-2b.
34, 2x-3a,2x+3b. 35, 3x-4y,2a+3b. 38, mn-p, 22xy+3z
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46, We shall now give a few examples of greater difficulty.
Example 1. Find the product of 32?-2x-5 and 2z -5.

32— 2x -5 Each term of the first expression is
2z - 5 multislied by 2z, the first term of the
62— 47107 second expression; then each term of the

first expression is multiplied by -5; like
=152+ 102 +-25 terms are placed in the same columns and
623 — 1922 +95. the results added.

Ezample 2. Multiply a —b+3c by a+2b.

a- b+3c
a+ 2b
a?- ab+3ac
2ab —2b%+6be

a+ ab+3ac-2b%+6be.

47, 1If the expressions are not arranged according to powers,
ascending or descending, of some common letter, a rearrange-
ment will be found convenient.

Ezxample. Find the product of 2a?+4b?— 3ab and 3ab - 5a?+ 4b2.
2a% - 3ab +4b? :
— 5a*+ 3ab +4b% The re-arrangement is not
—10a%+ 15a%b — 20a2b? necessary, but convenient,
4 6% - 9ab?+12ab® because it makes the collec-

tion of like terms more
8a%2—12a0°+165% | easy.

—10a*+21a% - 21a%H? + 16b4

EXAMPLES V. e.

Multiply together

1, «2-3x-2, 2z-1. 2. 4a?-a-2, 2a+3.

3. 2°-3y+1, 3y-1 4, 322+4z+5, 4z-5.
5. 2?-3a-6, a-2. 6. 502—2b+3, ~2b-3.
7, 322-2x+7, 22-1. 8., 6c2-4c+3, —-2c+1.
9, 22+x-2, 22-z+2. 10, 22-2z+5, 22-2x+5.
11, 24%-3a-6, a®-a+2. 12, 2k*-8k-1, 3k*-k-1.
13, a+b-c, a-b+ec. 14, a-2b-3c, a-2b+3c.
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16, 2?-zy+y3, +ay+yi 168, a?-2ax+243, a?+2ax+222
17, a?-b02-3¢% -a?-5°-3c% 18, 2*-32?-z, 2?-3z+1.
19. a*-6a+5, a¥+6a-5. 20. 24 —4y7+1, 2A-4y2-1.
21, 5m3+3-4m, 5-4m+3m3. 22, 8a®-2a*-3a, 3a?+1-5a.
23, 2x+22%-32%, 3x+2+22% 24, a*+b03-a%?, a®?-ad+- b
25, ad+a%+3az?+3a*z, ad+3ax?- 23 - 3a’x.

26. 5pt-p*+4p*-2p+3, p*-2p+3.

27, m®—2m4+43m3 - 4m3, 4m® - Im®+2mt.

28. a*+1+6a?-4a®-4a, a®*-1+3a-3a

29, a?+b2+c*+ab+ac—be, a-b-c.

30, 24+62%?+ A - 42y~ day’, — ot -yt - Ba% - 4wyt - 42y,

48, Although the result of multiplying to%:}ther two binomial
factors, such as #+8 and x--7, can always obtained by the
methods already explained, it is of the utmost importance that
the student should soon learn to write down the product rapidly

by inspection.

This is done by observing in what way the coefficients of the
terms in the product arise; and noticing that they result from -
the combination of the numerical coeficients in the two bi-
nomials which are multiplied together ; thus

(x+8)(z+7)=x2+8x+Tx+56
=22+ 152+ 56.

(#-8)x—"T)=22-8z—Tx+56
=x2-15zx+56.

(z+8)(z—"T)=22+82-Tr-56
=22+2z—56.

(x-8)x+T)=2*—8x+Tx—56
=22 -2 - 56.

In each of these results we notice that :

1. The product consists of three terms.

2. The first term is the product of the first terms of the two
binomial expressions.

3. The third term is the product of the second terms of the
two binomial expressions.

4. The middle term has for its coefficient the sum of the
numerical quantities (taken with their proper signs) in the second
terms of the two binomial expressions.
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The intermediate step in the work may be omitted, and the
products written down at once, as in the following examples :

(z+2)(z +3)=2+5z+6.
(z-3)z+4)=22+2x-12.
(z+6)(x—9)=2?-3z-54.
(z—4y)(x - 10y) =22 - 14zy +40y°
(2~ 6y)(z+4y)=2— 2xy — 24y

By an easy extension of these principles we may write down

the product of any two binomials.

Thus (2v+ 3yXx -y) =222+ 3xy — 2xy — 3y

=22"+2y— 3y>

(37— 4y)(22 +y) =64 — 82y + 3y —4y®

=622 —Bay — 4y
(z+4)z—4)=27+4r— 42~ 16
=22-16.

(22+5y)(2x — 5y)=42°+10zy — 10y — 2543
=422 252,

EXAMPLES V. f.
Write down the values of the following products :

1. (@+3)(a-2). 2. (a-T7)a-6). 3.
4, (6-6)(0+4). b. (y-7)y-1). 8.
T, (c=8)c+4). 8, (z-9)(z-3). 9.

10. (a-3)a+3). 11, (z-5)(=-8). 12,
13, (k-6)(k-6). 14, (a-5)(a+5). 16.
16. (p+9)p-10). 17, (z+5)(z-8). 18,
19, (z-3a)(z+2a). 20, (a-2b)a+2b). 21,
22, (a+4c)a+4c). 23, (c-5d)(c-5d). 24,
26, (2z-3)(3z+2). 26, (3z-1)2zx+1). 2T,
28, (3z+2a)(3z-2a). 29, (6z+a)6x-2a). 30,

(2 —4)@+5).
(a-1)(a-9).
(y-4y+7).
(a+T)a~-T7).
(c+7)c+7).
(z-9)(z+9).

(z - 4y)(z - 4y).
(p-29)(p+2q).
(52 - 2)(52 +2).
(T2 +3y) Tz - y).
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Division.

49, THE object of division is to find out the quantity, called
the quotient, by which the divisor must be multiplied 8o as to
produce the dividend.

Division is thus the inverse of multiplication.

The above statement may be briefly written
quotient x divisor=dividend,

or dividend -divisor =quotient.
It is sometimes better to express this last result as a frac-
tion ; thus 4
dividend _ .
m—quotxent.

Ezxample 1. Stnce the product of 4 and z is 4z, it follows that
when 4z is divided by « the quotient is 4,

or otherwise, dzx+z=4.
Ezxample 2. Divide 27a° by 9a®.
§ . 2705 2Jaaaaa We remove from the divisor
The quotient = e = aaa and dividend the factors com-
. mon to both, just as in arith-
= 3aa = 30 metic.
Therefore 27a%+9a® = 3a?.

Example 3. Divide 35a%bc by 7ab3c3.
st _ 3daaa . bb . cec _ _R-a
Thgquotlent- Ya . bb . ¢ =baa . ¢ = 5a’c.
In each of these cases it should be noticed that the index of any
letter in the quotient is the difference of the indices of that letter in
the dividend and divisor.
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60. It is easy to prove that the rule of signs holds for
division.
Thus ab+a=20_2%b_,
a a
a

a
ab+(-a)=28 _(zax(ZD)_ g,

—abs(—ay=—2b_(=axb_p
) —-a -a
Hence in division as well as multiplication
like signs produce +,
unlike signs produce —.
Rule. To divide one simple expression by another :
The index of each letter in the quotient is obtuined by subtracting
the index of that letter in the divisor from that in the dividend.
To the result so obtained prefix with its proper sign the quotient
of the coefficient of the dz’vid,e)rrui by that of the divisor.
Example 1. Divide 84a%® by -12atz.
The quotient = (- 7) x a®~%3-1 l Or at once mentally,
= —Taa? 840873 + ( - 12a%c) = - Taz?,
Example 2. - 4504+ ( ~ 9a%ba?) = 5a%bx?.

Note. If we apply the rule to divide any power of a letter by the
same power of the letter we are led to a curious conclusion.
Thus, by the rule

al+at=ad3-3=a’;
but also

3
ad+ad=%
[/}

=1,
soab=1,

This result will appear somewhat strange to the beginner, but
its full significance is explained in the Theory of Indices.

[See Elementary Algebra, Chap. xxx1.]
Rule. 7% divide a c

ompound expression by a single factor
divide each term separately gy that fuctor, and take the alyebraié
sum of the partial quotients so obtained.
This follows at once from Art. 38.
Examples, (9z-12y+3z2)+(—3)= -3z+4y -2
(36a30? — 240%° — 20a°b?) + 4a%b = 9ab - 6b* - 5a?h.
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EXAMPLES VI a.

Divide
1. 223 by 22 2. 6a® by 3a. 3. 5a7 by a*.
4, 21¥7 by 75 5, 2% by —zy. 6. —3xy® by 3y.

7. 40°¢® by -2pq. 8. 15mn by -56m. 9, —Pm? by —im.
10, -482° by -623. 11, 852! by -7z5. 12, -7a’ by -7b.
13, -28p%q by 28p° 14, -728 by -27. 15, 24zyz® by -3z
18, —12b% by 6b%% 17, -9% by -k 18, 24P by -kl

10, -45a4%® by 9abclo, 20, - 2% by - a2y,
21, -168a%b%z? by -Tabal. 99, —35a%%7 by - Ta%b'a,
23. 32%-2z by =. 24, 5a%b-Tab® by ab.

95, 48p%q - 24pg? by 8pq. 26, -1525+2524 by -5z
27, a®—zy—az by -=z. 28, 10a®-5a%b +a by -a.

29, 4x3+36ax2—16x by —4z. 30, 3a3—9a2b —6ab? by —3a.

» When the Divisor is a Compound Expression.
651. Rule. 1. Arrange divisor and dividend in ascending or
descending powers of some common letter.

2. Divide the term on the left of the dividend by the term
on the left of the divisor, and put the result in the quotient.

3. Multiply the WHOLE divisor by this quotient, and put the
product um£r the dividend. ’

4. Subtract and bring down from the dividend as many terms
as may be necessary.

Repeut these operations till all the terms from the dividend are
brought down.
Ezamplel. Divide 22+ 112+30 by 2+6.
Arrange the work thus:
x+6)22+112x+30(

divide 22, the first term of the dividend, by z, the first term of the
divisor ; the quotient is z. Multigly the whole divisor by z, and put
the product 2%+ 6z under the dividend. We then have

z+6)23+112+30(z
2?2+ 6z
by subtraction, b5z +30

On repeating the process above explained, we find that the next
term in the quotient is +5.

H.A. c
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The entire operation is more compactly written as follows :
z+6)22+112+30(z2+5
2+ 6z

5z + 30
52+30

The reason for the rule is this: the dividend is separated
into as many parts as may be convenient, and the complete
uotient is found by taking the sum of all the partial quotients.
y the above process 22+11x+30 is separated into two parts,
namely 22+ 6z, and 52+ 30, and each of these is divided by #+6;
thus we obtain the partial quotients +« and +5. -

Example 2. Divide 2423 - 652y +21y? by 8z - 3y.
Divide 242 by 8z; this
8z-3y )22::::_ 631"/ +21y*(3z - Ty gives 3z, the ﬁrstyterm of the
Sox- vy uotient. Multiply the whole
- 56y + 212 ivisor by 3z, and place the
— 56zy + 21y? result under the dividend.
By subtraction we obtain
-56zy +2ly%. Divide the first terni of this by 8z, and so obtain
-7y, the second term of the quotient.

Ezxample 3. Divide 16a® - 46a*>+39a -9 by 8a-3.
8a-3)16a®-46a®+3%a -9 (2¢*-5a+3
16a® - 6a?

—40a’+ 39a

—40a’+ 150

33

|

Thus the quotient is 2a? - 5a + 3.

EXAMPLES VI b.

Divide

1, a®*+2a+1 by a+1, 2. ®+30+2 by b+2

3, 2*+4z+3 by z+1. 4, ¥*+5y+6 by y+3.

b, 2*+5x-6 by z-1. 6., 2°+2x-8 by z-2.

7. p*+3p-40 by p+8. 8. ¢*-49-32 by q+4.

9. a’+5a-50 by a+10. 10, m*+7m-78 by m-6.
11, 2%+az-30a® by z+6a. 12, a*+9ab- 360 by a+12b.
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Divide : ‘
13, -2?+18x-45 by z-15. 14, 2?-42x+441 by 2--21.
15, 222-13x-24 by 2¢+3. . 16, b522+16x+3 by z+3.
17, 622+5z-21 by 2x-3. 18, 12a?+ax - 622 by 3a —22.

19, -522+2y+6y? by -z-y. 20, 6a? -ac—35¢3 by 2a-6c.
21, 12p%-T4pg+12¢° by 2p-12g.

22, 4m?—-49n2 by 2m +Tn.

23. 12a--31ab +20b® by 4a - 5b.

24, -2527+49y% by -5x+7Ty.

95, 21p%+11pg-40¢* by 3p+5q.

26, 82°+822+4x+1 by 2z+1.

27, -22+1322-172+10 by —z+5.
28, 2°+ax?-3a%x-6a® by z-2a.

29, 62y - 2%?-TxyP+12y* by 2z +3y.
30, 8a%-122%-14z+21 by 22-3.

62, The process of Art. 51 is applicable to cases in which
the divisor consists of more than two terms.

Example 1. Divide a*-2a%-7a2+8a+12 by a?*-a—-6.
a?-a-6)a*-2a%-Ta?+8a+12(a*-a-2
at—a®—6a?
-a®-a’+8a
-a®+a?+6a
~27+2a+12
-2a%+2a+12

Example 2. Divide 42®-5z?+62°-15-24-2 by 3+227-2.
First arra.ﬂge each of the expressions in descending powers of .
227 -2 +3) 625~ at+4s®-52?-2-16(32%+22-22-5

62 — 324 + 923
224 — 523~ 523
228~ 23+ 323
—423- B8a%- =z
—423+ 2276z
-1022+52-15
=102%+5x - 15
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Example 3. Divide 2322 -22% - 42%+12+2°- 31z by 23— Tz +5.

2-T2+5) 25— 224 — 423+ 2322 - 31z +12 (22 - 22 +3
5 -T2+ 523
- 224+ 323+ 1822 - 31z
—2xt +1422 - 10z
823+ 42%-21x+12
33 -2z +15
422 -3

Now 423 is not divisible by 23, so that the division cannot be
carried on any further ; thus the quotient is «?—2x+3, and there is
a remainder 4z%— 3.

In all cases where the division is not exact, the work should be
carried on until the highest power in the remainder is lower than
that in the divisor.

53. Occasionally it may be found convenient to arrange the
expressions in ascending powers of some common letter.

Ezxample. Divide 2a®+ 10— 16a — 39a®+15a¢ by 2-4a - 5a’.
2-4a-5a7) 10~ 16a - 39a2+ 203+ 1504 ( 5+ 2a — 3a?
10 - 20a - 2542
4a - 140%+ 20°
4a— 8a®-10a®
- 6a?+12a®+ 15a*
- 6a+12a°+ 1504

EXAMPLES VL c.
Divide
1. a®*-6a?+1la-6 by a*-4a+3.
., -422+2+6 by 2?-x-2.
. ¥+y*-9%+12 by y*-3y+3.
21mP - m?+m—1 by Tm?+2m+1.
6a®—5a*—-9a—2 by 2a®-3a-1.
612~ k2 14k+3 by 3k2+4k-1.
62% + 1122~ 39z - 65 by 32%+13z+13.
1222 - 8ax? - 27a*z + 18a® by 6z? —13ax + 6a3,

-

- RN NN
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Divide
9, 1623+ 14x% - 1292y - 154° by 82? + 27zy + 3y
10, 21¢®-5cd — 3cd? - 24° by 7¢?+3cd +d2.
11, 3x*-10a%+1222 - 112 +6 by 32%-=z+3.
12. 30at+11a® - 82a%—12a+48 by 30°+2a-4.
13, 2%-22-8x-13 by 2%+3z+3.
14, a+3a*+6-10a? by a?-4a+3.
15, 21m3-27m—26m*+20 by 3m+Tm? -4
16. 182°+24a’—40a%x - 9az? by 922+ 7a? - 18az.
17, 3y -4 +1042+3y -2 by ¥* -y*+3y+2.
18. 5a%+1+10af-4a? by 5a°—2a+1.
10, 1224+52°-332%—32+16 by 4a2-z-5.
20. p*-6p*+13p2-10p+7 by p*-3p+2.
21, 928z4+69z+2—712% - 3522 by 4a®+%6 - 132.
29, 5a°-Tat-9a®-11a®-38a+40 by —5a2+17a-10.
93, 23-8a* by 2?+2ax+4a® 24, y'+9y°+8l by ¥*-3y+9.
95, 2A+4yf by 23+2zy+2° 26, 9a'-4a’+4 by 3a’-da+2.
927, a®+64 by a*—4a?+8.
08, 16x*+862%+81 by 4x?+62+9.
29, 4mP — 29m - 36 +8m2 — Tm3+ 6m* by m3 - 2m?+3m 4.
30, 1524+22-322%-30x+502* by 34z +52°
31, 3a?+8ab+4b?+10ac+8bc+3¢? by a+2b+3e.
32, 922-4y3+4yz—2% by -3z+2y-z
33, 4c2-12c-d?+9 by 2¢+d-3.
34, 9p*-16¢2+30p+25 by —3p—4g-5.
36, 25-zly+adyt-aP+at-yP by -z
86, z°+aty-a%y?+ad-2xy? by & +ay -y
37. a%b®+ab—9-b4+3b°+3b—at-3a°-3a by 3-b+ad
38, 28+1 by *+2?+2+1. 39, 2a%+2 by a®+2a%+2a+1.
40, 2°-62*-82°-1 by 2*-2x-1.



CHAPTER VIL

REMOVAL AND INSERTION OF BRACKETS.

64, Quantities are sometimes enclosed within brackets to
indicate that they must all be operated upon in the same way.
Thus in the expression 2a--3b—(4a—2b) the brackets indicate
that the expression 4a—2b treated as a whole has to be sub-
tracted from 2a — 3b.

It will be convenient here to quote the rules for removing
brackets which have already been given in Arts. 24 and 25.

When an expression within brackets is preceded by the sign +,
the brackets can be r d without making any change in the
expression. )

When an expression within brackets is preceded by the sign —
the brackets mry be removed if the sign of every term within the
brackets be changed.

Ezample. Simplify, by removing hrackets, the expression
(2a - 3b) - (3a + 4b) - (b - 2a).

The expression = 2a — 3b-3a —4b-b+2a
= a-8b, by collecting like terms.

6b. Sometimes it is convenient to enclose within brackets
part of an expression already enclosed within brackets. For
this purpose it is usual to employ brackets of different forms.
The brackets in common use are ('), { }, | ].

56, When there are two or more pairs of brackets to be
removed, it is generally best to begin with the innermost pair.
In dealing with each pair in succession we apply the rules quoted
above.

Ezample. Simplify, by removing brackets, the expression

a-2b-[4a-6b-{3a-c+(2a-4b+c)}].

Removing the brackets one by one,

the expression = a —2b - [4a - 6b - {3a —c+2a - 4b+¢}]
=a-2b-[4a-6b-3a+c—2a+4b-c]
=a-2b-4a+6b+3a—-c+2a-4b+c
=2a, by collecting like terms.

Note. At first the beginner will find it best not to collect terms
until all the brackets have been removed.
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EXAMPLES VII. a.
Simplify by removing brackets and collecting like terms :

1, a+2b+(2a-3b). 2. a+2b-(2a-3b).

3. 2a-3b-(2a+2b). 4, a-2-(4-3a).

6. (x-3y)+(2x-4y)-(x-8y). 6, a+2b-3c—-(b-a-4c).
T. (z-3y+22)—(z~ 4y +2x). 8, 4z-(2y+22)-(3z-5y).
9. 2+ (b-3a)- (4a - 8b) - (6b - 5a).

10. m-(n-p)-(2m-2p+3n) - (n—m+2p).
11, e-b+c-(a+c-b)-(a+b+c)-(b+c—a)
12, 52— (Ty+32z)- (2y+7z) - (3= + 8y).
13, (p-9)-(g-2p)+(2p-9)-(p-29).
14, 22%- (32 -2?%) - (22 - 44?).
16, (m2-2n?) - (2n% - 3m?) - (3m? - 4n?).
16, (z-2a)-(x-2b)-{2a-z-(2b+2)}.
17, (a+3b)-(b-3a)-{a+2b-(2a-b)}
18, 7°-2¢"-(¢*+27°) - {P*+3¢°- (20’ - ¢*)}.
19, z-[y+{c~(y-=)}) 20. (a-b)-{a-b-(a+b)-(a-b)}
21, p-[p-@+p)-{p-(2p-9)}].
22, 3z-y-[z-(2y-2)-{2z—(y-2)}}
23, 3a*-[6a?- {852 (9¢? - 2a%)}).
24, [3a-{2a-(a-b)}1-[4a-{3a- (2a- D)}
57. A coefficient placed before any bracket indicates that
every term of the expression within the bracket is to be multi-
lied by that coefficient ; but when there are two or more
rackets to be considered, a prefixed coeflicient must be used as
a multiplier only when its own bracket is being removed.
Examples 1. 2x+3(x-4)=2x+32-12=5¢-12,
2. Te-2(x-4)=Trx-2x+8=52+8.
Ezample 3. Simplify 5a — 410a + 3{z - a — 2(a + z)}].
The expression

=5a -4[10a + 3{z - a — 2a - 22}] On removing the innermost
=5a - 4[10a + 3{ — z —3a}] bracket each term is multiplied
=b5a - 4{10a - 3z - 9a] by -2. Then before multiply-
= ing by 3, the expression within
=5a—4{a - 3z] its bracket is simplified. The
=5a—4a+12x other steps will be easily seen,

=a+12z.
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68. Sometimes a line called a vinculum is drawn over the
symbols to be connected ; thus a—b+c is used with the same
meaning as a - (b +c¢), and hence a -b+c=a-b-c.

Note. The line between the numerator and denominator of a
fraction is a kind of vinculum. Thus 5? is equivalent to }(z - 5).

Example 4. Find the value of
84 -7[- 11z —-4{- 172 +3(8 - 9 - 5z)}].

The expression =84 —7[ - 11z — 4{ - 17z + 3(8 — 9+ 52)}]
=84-7[ - 11z~ 4{ - 172 +3(5z - 1)}]
=84 -7[- 11z - 4{ - 172+ 15z - 3}]
=84-7[-1lz-4{-2x-3}]
=84 -7[-11x+8x2+12]
=84-7[-32+12]
=84+2lx-84
=2lz.

When the beginner has had a little practice the number of steps
may be considerably diminished.

Insertion of Brackets.
59, The rules for insertion of brackets are the converse
of those given on page 12,and may be easily deduced from them.
For the following equivalents have been established in
Arts. 24 and 25:
a+b—c=a+(b-c),
a—b-—c=a—(b+c),
a—b+c=a-(b-c).
From these results the rules follow.
Rule. 1. Any part of an erpression may be enclosed within
brackets and the sign + prefized, the sign of every term within the
brackets remaining unaltered.

Examples. a-b+c-d-e=a-b+(c-d-e).
23— ax +bx - ab = (22 - ax) + (bx — ab).

Rule, 2. Any part of an expression may be enclosed within
brackets and the sign — prqﬁ.redf?;rovided the sign of every term
within the brackets be changed.

Ezxamples. a-b+c-d-e=a-(b-c)-(d+e).

2y - az - by +ab = (zy - lby) - (ax — ab).
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60. The terms of an expression can be bracketed in various
ways.

Ezample. The expression ax - bz +cx—ay+by - cy
may be written (az - bx) + (cx — ay) + (by — cy),
or (az - bz + cx) - (ay —by + cy),
or (az - ay) - (bz — by) + (cz - cy).

6l. When every term of an expression is divisible by a com-
mon factor, the expression may be simplified by dividing each
term by this factor, and enclosing the quotient within brackets,
the common factor being placed outside as a coefficient.

Thus 3r—-21=3(z-"7);
and %=~ 2ax +4a?=22 - 2a(z — 2a).

EXAMPLES VII b.
Simplify by removing brackets :
1. 3(x-2y)-2(z-4y). 2, z-3(y-=z)-4z-2y)
3. 16-3(22-3)-(2x+3). 4, 4(x+3)-2(T+z)+2.
5., 8(x-3)-(6-2x)-2(x+2)+5(5~=x).
8. 2x-538xz—7+y)+4(2x+3y-8)-Ty.
7. 2x-5{3x-7(4z-9)}.
8, 2*+3(a%y+xy’)+yP-2° -3z —zy?) -y
9, 4x-3z--(1-y)+2(1-2)}
10, z-(y-2)-[x-y-2-2Ay+2)]
11, @?-[2?- {2~ (-22- ) - 2%} +3°)
12, 5z+4(y-2%)-Hz+2y-2)}
13, a+{—2b+3(c-d-e)}.
14, {a®-(b*- )} -[2a? - {a? - (B* - )} - 2(B* - cN))
15, 3p-{5¢-[6g+2(10g - p)]}
16, 3z -22x-{2(x-y)-y}-y)
17, 3(5-6z)-5z—5{1-3(z-5)}].
18, 12-[6a-(7-a-5)-{5a+(3-2—a)}}
19, 8*—{a*+ab—(a?+%)} - [a® - {3ab- (b*-a?)}].
20, 2A4z-{2y+(2z-y)-(z+y}]-2A-z-y-=).
21, 20(2-z)+3(z-T7) -2z +9-3{9-4(2-2)}].
22, -Ha+y)+24(b-2)-2Az+y+a-3{y+a-4(b+2)}}
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23. Multiply
2z - 3y - A(z - 2y) + 5{3 - 2z - y)}
by 4z - (y-z)-3{2y - 3z +y)}
Tu each of the following expressions bracket the powers of z so -
that the signs before the brackets may be (1) positive,
(2) negative.
24, axt+223 - cx® + 222 - ba® - 2
26, aa2?+a%d - ba? - 52— cad.

MISCELLANEOUS EXAMPLES II

1. Find the sum of a-2b+¢, 3b—(a—-c), 3a-b+3c.

2. Subtract 1 - 22 from 1, and add the result to 2y - 22

3. Simplify a+2b- 3¢+ (b-3a+2c)—(3b-2a - 2c).

4. Find the continued product of 32%, 2zy?, - Txy?, —5x%ys.

6. What quantity must be added to p+g to make 2g? And
what must be added to p? - 3pg to make p?+2pg+g??

6. Divide 1 -6a*+52° by 1-x+322%

7. Multiply 3b%+2a?-5ab by 2a+3b.

8, When z=2, find the value of 1 - x+x’-l£x

9 Find the algebraic sum of 3az, —2zz, 9ax, - Txz, 4ax, -4xz.

10. Simplify 9a —(2b- c)+2d (5a+3b)+4c 2d, and find xbs
value when a=7, b=~-3, c=-4

11, Subtract ax?-4 from nothmg, and add the difference to the
sum of 22° - 5z and unity.

12. Mult?zly 3%y — dxyz +22%%* by -6a%%® and divide the
result by 3xy*2%

13. Simplify by removing brackets 5[z — 4{z - 3(2z - 3z +2)}].

14, Simplify 222 - (2zy - 3y?) + 4y* + (5zy — 22?) + 2% - (2xy + 63?).

16. Find the product of 2x-7y and 3z +8y, and maltiply the
result by x+2y.

16, Find the sum of 3a+2b, -5¢-2d, 3e+5f, b-a+2d,
~2a = 3b +5c - .

17. Divide x4 -42®-1822-112+2 by 22-Tzx+1.

18, If a=-1, b=2, ¢=0, d=1, find the value of

ad +ac—a? - cd +c* - a+2¢ +a?h + 2ad,
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,  Simplify 3[1-2{1-4(1 -3xz)}], and find what quantity must
bela?dded topit tyo%rodut{:e 3—‘(8::. m 1 v
20. Divide the sum of 1023-7z(1+2%) and 3(2%+2?+2) by
3(2241) - (z+1).
21, Simplify 524 — 823 - (223 - 7) - (2*+ 5) + (32® - z), and subtract
the result from 42—z +2.
22, If a=0, b=1, ¢=3, d=-2, e=2, find the value of
(1) 8c-d*; (2) (c+a)c—a)+b%; (3) e +ad
23. TFind the product of 7x? - y(z — 2y) und z(Tz+y) - 2y
24, Subtract (a®+4)+(a?-2) from (a®+4)(a?-2).

25. Express by means of symbols
(1) b’s excess over c is greater than a by 7.
(2) Three times the sum of a and 2b is less by 5 than the
product of b and c.
26. Simplify
3a? - (4a - b?) - {2a? - (3b-a?) -2b-3a} - {50 —Ta - (c2-1?)}.
27. Find the continued product of
Biaytyh, B-zyr, o-dye,
28, Divide 4a?—9b2—4ac+c? by 2a-3b-c.
20, If a=38, b=-2, ¢=0, d=2, find the value of
(1) c(a+d)+bla+c)+alc—b); (2) as+dd.
° 80. From a rod a+b inches long b-c inches are cut off; how
much remains?

31l. A boy buys a marbles, wins b, and loses ¢; how many has
he then?
32, Simplify 2a - €5a —[8a-(2b+a)]}, and find the value of
(a-b)a’+bla+b)] when a=1, b=2.
33. Divide 1 - 52%+42% by 22-2x+1.
34. Multiply the sum of 322-52y and -2 by the excess of
322+ 33 over 242+ 3xy. -y
36, Express in algebraical symbols
(1) Three times 2« diminished by the sum of y and twice z.
(2) Seven times a taken from three times b is equal to five
times the product of ¢ and d.
(8) The sum of m and » multiplied by their difference is
equal to the difference of the squares of m and n.
86, If a=2, b=1, ¢=0, d=-1, find the value of
(d-b)(c~b) +(ac - bd)3-+ (¢~ d)(2 ~ b}



CHAPTER VIII.

REvVISION OF ELEMENTARY RULES.

[If preferred, this chapter may be postponed until the chapters
on Sinl;ple Equations and Problems have been read.]

Substitutions.

62, DermviTiON. The square root of any proposed expression
is that quantity whose square, or second power, is equal to the
given expression. Thus the square root of 81 is 9, because 9*=81.

The square root of a is denoted by i/a, or more simply J/a.

Similarly the cube, fourth, fifth, &c., root of any expression
is that quantity whose third, fourth, fifth, &c., power is equal to
the given expression.

The roots are denoted by the symbols 3/, &/, &/, &c.

Examples. 3/27 =3 ; because 3% = 27,
%/32 =2 ; because 25 = 32,

The root symbol 4/ is also called the radical sign.

Bxample 1. Find the value of 5,/(6a%b%c), when a=3, b=1, ¢=8.
54/(6a’b*c) =5 x \/(6x3%x 14x 8)
=5x A/(6x27 x8)
=5x M(3x27)x (2x8)
=5x9x4
= 180.
Note. An expression of the form y/(6a%btc) is often written /6a%b%,

the line above being used as a vinculum indicating the square root
of the expression as a whole.

Example 2. Ifa=-4,b=-3,¢= ~1, f=0, =4, find the value of
7¥/(a2cx) - 3 VB + 5 /([ 22). '
The expression="7 /(= 4)%( - 1)4 - 33/(= 8} = 1)2+0
=173/(-64)-3,/81
=7x(-4)-8x9
=-55.
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EXAMPLES VIII. a.
If a=4, b=1, ¢=6, d=0, find the value of

1. o . 9. oab. 3. 6% 4. 9
5. WA 6. 6aiifc. 7. a3/ac. 8. 3b%3a3A.
9. JaBP-Aoc 10, 3va%d?- d /2a% +W/6ac.

If a=-3, b=2, ¢c=~-1, z=-4, y=0, find the value of

11, Walez. 12, /3ac. 13, V6abz. 14. 5J/c%.
16, ~3abcz. 16, Va'd. 17. ¥bez. 18. ¥/3a%%.
19. /3ac- ez +a/bocz. 20. e +/2a% —A/9a%.
21, If x=100, y=8l, z=16, find the value of
-;5— Vy+ V.
22, I a=-6, b=2, c=—1, z=-4, y=0, find the value of

2 alex — 24/ a?6*%yF + N/ 8a?h.

Practional Ooeficients and Indices.

63. Fractional Coefficients. The rules which have been
already explained in the case of integral coefficients are still
applicable when the coefficients are fractional.

Ezxample 1. Find the sum of 32%+jxy-1y?, -22-3zy+243
-2y -
= +izy - 1y

- a2 2 Here each column is added up separately,
22 oy + 22 and the fractional coefficients combined
12~ 2y-4y* by the rules of arithmetic.
12 - fay +3y°

Example 2. Divide {23+ fyay®+ 4y’ by dx+3y. .
2 +3y) 12+ 2yt + eyt (320 - by + 3y°
12+ § oty
~ 1 2y + Ayt
- ¥y~ day
1 zy?+ oy
1oy’ +49
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Fractional Indices. In all the examples hitherto ex-
plained the indices have been integers, but expressions involving

fractional and negative indices such as af, -3, 3:2+ad—9
a~?—4a-'r—34% may be dealt with by the same rules. For
a complete discussion of the theory of Indices the student is
referred to the Elementary Algebra, Chap. xxx1. Tt will be
sufficient here to point out that the rules for combination of
indices in multiplication and division given in Chapters v. and vI.
are universally true.

Ezample 1. ¥ x x%=x§+*=xﬁ.

Example2. a ‘xat=a"4*4=q°=1. [See Note, Art. 50.]

Bzample3. 2a%67 x3a "t =6atdp iz an =gp7E,

Example 4. 3::’y% + zsyi =32"" ’y* Yoo 1yi'.

Ezxample5. PR I P T ] = a %t

It will be seen from these illustrations that the rules for

combining indices in multiplication and division may be con-
cisely expressed by the two statements,

(1) amxan=am+n’ (2) am+an=am-u;
where m and n may have any values positive or negative,
integral or fractional.

656. We shall now give some examples involving compound
expressions,

Example 1. Multiply 2t -32Y 44 by 2% 1,

z§—3z*+ 4

231

2z —6zt+ 8a¥

= x§+ 32¥ -4

2z —7zt+112¥ -4
Example 2. Multiply cz+2c%--7 by 5-3¢-%+2¢%
c® ~T+2%

- Here the expressions have
z

2" +5-3c been arranged in descending

2¢* - 14c*+ 4 powers of ¢, and it should be

+ 5c*—35+10c-% noticed that in this arrange-

— 349le-%_@e-2 ment the numerical terms -7

and +5 stand between the
23— 9c*-34+3lc"*—6¢c- % terms involving ¢* and ¢~%.
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Exzample 3. Divide
DYVE JPT Vo ST JUPT. s JJE. J Nog v JEYE ST PN §
Arrange divisor and dividend in descending powers of z.
DL JYE RPN Yo )V JETE BR YIS ST IOk ST W { % S W0y §
5 3
2¥-2zt - 408 8ot
-3zt 4 azfileat-1627%
8 1 -
-3¢+ Gali1228 - 240t
B B S [
- oty dats st t6et

EXAMPLES VIII. b.

1. Find the suni of —{m—in, —3m+3in, —2m-n.

2. Add together 3a—3b+1c, 3a—1b, da+Hb+ic, —~ja+d-1a

3. From a+3b-ic take ja-b+1ic.

4, Subtract }a?+3iab- 10?2 from ja?- Jab+1b2

6. Multiply 32+ 1y? by iz - 3}y.

6. Find the product of }2?-{2+} and {z+14.

7. Divide 32%-3y® by 1z -{y.

8. Divide a®-2a? + }tab® - 2b° by a®— Sab+ 302

9., Simplify 1(2z - 3y) — 3(3z + 2y) + 14(7z - 5y).
10. Find the sum of

- Hiy -5 Wi+ -l
11. Find the product of
1z -y +3(z-1y) and }(x-2) -}y - $).

12, Simplify by removing brackets

a b b

o(3-5)+5{2a-3(a-3)}
13, Divide {23-332%+ 3z -} by 3z-1.
14, Subtract y5(7z - 9y) from (= - 3y) - }y - 2x).
16, Add together (z-iy)(3z+y) and (2z-iy)dz-y)
16. Multiply 3a- $a%x+ 32 by 3a -2z.
17, Divide 36a®+30%+} - 4ab-6a+1b by 6a-3b-1§
18, Simplify 6{z - §(y - )} {J(2x - y) +2(y - 1)}
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19, Multiply $a?- }ab+b’ by a?+3ab- 33, and verify the result
when a=1, b=2.
20, Maultiply z— :c'}y‘ +y by 2t - * .
91, Divide ¥ +2¥yt+y by - *y*+y*
292. Find the product of x‘y+y§ and a.* *
23. Multiply ot ot by a¥ 4ot
24, Divide ¢ 3-8¢-1-3 by ¢-1-3.
926. Divide
ady-1- 1281425 2407 dy 11628 by 2aby-1-31 4078y
26. Find the value of (ax-2+a-z)(azx"2-3a"1z).
27. Find the square of at-1-a'%,
928. Find the continued product of 3a-2b" 1z, axé - bg, and az§+ b.
29, Divide -y by P yt +z'} lzr‘+ac‘1’yl“l‘.
30. Multiply a®+2a-2-7 by 5+a*-2a"2
31. Find the value of (32%~%—z~%")(x%y -z %y "!).

Important Cases in Division.
66. The following example in division is worthy of notice.
Example. Divide a®+ b3+ ¢3—3abc by a+b+ec.

a+b+c)ad—3abc+ b+ (al-ab-ac+b-be+c?
a*+ atb+a’c

— a?b - a’ - 3abe
~ a?b-ab?- abe
—a’c+ ab® - 2abe
-al - abc-ac?
ab® - abc+ac+ b
ab? +53+ %
- abct+act-1%c
— abc - b%-bc
act+bct+ ¢
act+bc2+ &

Here the work is arranged in descending powers of a, and the
other letters are taken a.lpha.betlca.lly ; thus in the first remainder
a?b precedcs a’c, and a’ precedes 3abc. A similar arrangement will

csuerved throughout the work,
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67. The following examples in division may be easily veri-
fied ée(i,hey are of great importance and should be carefully
noticed.

%_:f; =B+ Y+ +op,
and o on ; the divisor being 2 —y, the terms in the quotient all
positive, and the index in the dividend either odd or even.

Eate /A SR

oty O Y

By _

R Ak et S

z¥
and so on; the divisor being r+y, the terms in the quotient
alzernat;% positive and negative, and the index in the dividend
always odd.

-yt s 2_
III. Ty =By +ayt -3,

85—

A s
and so on; the divisor beiug x+y, the terms in the quotient
alternately positive and negative, and the index in the dividend
always even.

IV. The expressions 22+y?% z4+y% 25435 ... (where the
index is even, and the terms both positive) are mever exactly
divisible by z+y or by z—y.

All these different cases may be more concisely stated as
follows :

1) a™—y" is divisible by -y if » be any whole number,
2) x"+y" is divisible by x4y if » be any odd whole number.
3) a"—y"isdivisible by 24y if 2 be any even whole number.

(4) 2"+y"is never divisible by x+y or by #—y, when n is
an even whole number.

H.A. D
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Dimension and Degree.

68. Each of the letters composing a term is called a dimen-
sion of the term, and the number of letters involved is called
the degree of the term. Thus the product abe is said to be of
three dimensions, or of the third degree; and az* is said to be of
five dimensions, or of the fifth degree.

A numerical coefficient is not counted. Thus 8a%° and a?b®
are each of seven dimensions.

69. The degree of an expression is the degree of the term
of highest dimensions contained in it; thus a*—8a%+3a~—5 is
an expression of the fourth degree, and a’x— 76’ is an expression
of the fifth degree. But it is sometimes useful to speak of the

imensions of an expression with regard to some one of the
letters it involves. For instance the expression ax?—bx2+cx—d
is said to be of three dimensions in .

70. A compound expression is said to be homogeneous when
all its terms are of the same degree. Thus 8a®—a%?+9ab® is a
homogeneous expression of the sixth degree.

Tt is useful to notice that the product of two homogeneous
expressions is also homogeneous.

Thus by Art. 47,

(2a2 — 3ab + 4b%)( — 5a?+ 3ab + 4b%) = — 10a* +21a%b — 21a%h% +16b*

Here the product of two homogeneous expressions each of
two dimensions is a homogeneous expression of four dimensions.

Also the quotient of one homogeneous expression by another
homogeneous expression is itself homogeneous.

For instance in the example of Art. 66 it may be noticed
that the divisor is homogeneous of one dimension, the dividend
is homogeneous of three dimensions, and the quotient is homo-
geneous of two dimensions.

EXAMPLES VIIL c.

1. Divide a3+ 30ab-125b°+8 by a-5b+2.
9. Divide 2®+y? -2+ 3xyz by z+y-2.
3. Divide a®-b+1+3ab by a-b+1.

4, Divide 18cd +1+27c*—8d? by 1+3c-2d.
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Without actual division write down the quotients in the
following cases :

x3-1 tr,3+l>3 24— at - a‘
5 -1 6. THE 7 D¢ g T2
1

16 - b‘ a’+ b a’—
Tra 0 5 W T 12 %

a
x’+27y’ al-28 +1 28+
13. 1% 14, iz 15. o+ 1 16.

17, In the exprésion
20303 + 3abt + 3a?b%z — 2° + 20a%® - 11a* + Tab?,
which terms are like, and which are homogeneous ?

18. In each term of the expression
Ta*be? — ab’c + 12634 - b,

introduce some power of @ which will make the whole express:on
homogeneous of the eighth degree.

19. By considering the dimensions of the product, correct the
following statement
(322 — By +y2)(82% — 2z — 3y?) = 2Aart - 4622y + 9y + 13235 - 3453,
it being known that there is no mistake in the coefficients.

20. Write down the square of 3a?-—2ab- 0% having given that
the coefficients of the terms taken in descendmg powers of a
are 9, —12, -2, 4, 1.

21, Write down the value of the product of 3a2 + 5a®—ab? and
ab?+ 5a’ - 3a2b, having given that the coefficients of the terms when
arranged in mendmg powers of b are 25,0, -9, 6, — 1.

22, The quotient of 2°-3*-1-3zy by z-y-1 is
D2+ry+r+yi-y+1.
Introduce the letter z into dividend, divisor, and quotient go as to

make them respectively homogeneous expressions of three, one, and
two dimensions,



' CHAPTER IX.

SiMPLE EQUATIONS.

T1. Ax equation asserts that two expressions are equal, but
we do not usually employ the word equation in so wide a sense.

Thus the statement x+3+x+4=2z+7, which is always
true whatever value # may have, is called an identical equation,
or briefly an identity,

The parts of an equation to the right and left of the sign
of equality are called members or siges of the equation, and
are distinguished as the right side and left side.

72. Certain equations are only true for particular values of
the symbols employed. Thus 3z=6 is only true when z=2,
and is called an equation of condition, or more usually an
equation. Consequently an identity is an equation which is
always true whatever be the values of the symbols involved;
whereas an equation (in the ordinary use of the word) is only
true for particular values of the symbols. In the above example
32=6, the value 2 is said to satisfy the equation. The object
of the present chapter is to explain how to treat an equation of
the simplest kind in order to discover the value which satisfies it.

78. The letter whose value it is required to find is called
the unknown quantity, The process of finding its value is
called solving the equation, e value so found is called the
root or the solution of the equation.

74, An equation which involves the unknown quantity in
the first degree is called a gimple equation. It is usual to
denote the unknown quantity by the letter .

The process of solving a simple equation depends only
upon the following axioms :

1. If to equals we add equals the sums are equal.

2. If from equals we take equals the remainders are equal.
3. If equals are multiplied by equals the products are equal.
4. If equals are divided by equals the quotients are equal.
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75, Consider the equation 7z=14.

It is required to find what numerical value x must have to
satisfy this equation. :

Dividing both sides by 7 we get

z=2, [Axiom 4].
Similarly, if g =—6,
multiplying both sides by 2, we get
z=-12, [Axiom 3].
Again, in the equation 72—2x—2=23+15-10, by collecting
terms, we have 42=28.
Lz= 1.

Transposition of Terms.

76. To solve 3x—8=x+12.

This case differs from the preceding in that the unknown
quantity occurs on both sides of the equation. We can, how-
ever, transpose any term from one side to the other by simply
changing its sign. This we proceed to show.

Subtract z from both sides of the equation, and we get

3r—z—8=12, [Axiom 2].
Adding 8 to both sides, we have
8zx—2=12+38, [Axiom 1].

Thus we see that +z has been removed from one side, and
appears as —z on the other; and —8 has been removed from
one side and appears as +8 on the other.

Hence we may enunciate the following rule :

Rule. Any term may be transposed from one side of the equation
to the other by changing its sign.

It appears from this that we may change the sign of every term
in an equation ; for this is equivalent to transposing all the terms,
alllai then making the right and left hand members change
places.

Example. Take the equation —3x—12= x—24.
Transposing, — z+424= 3x+12,
or Sx+12=—x+424,
which is the original equation with the sign of every term changed.
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T_g_%,.®
»77. To solve 3 3—4+5.

Here it will be convenient to begin by clearing the equation
of fractional coefficients. This can always be done by multiplying
both sides of the equation by the least common multiple of the
denominators. [Axiom 3.]

Thus, multiplying by 20,
) 102 —-60=>5zx+4x ;
transposing, 10z —b5x—42=60;
. x=60.

78. We can now give a general rule for solving any simple
equation with one unknown quantity.

Rule, First, if necessary, clear of fractions; then tra e
all the terms containing the unknown gquantity to one side of the
equation, and the known quantities to tze other. Collect the terms
on each side,; divide both sides by the coefficient of the unknown
quantity, and the value required is obtained.

Example 1. Solve 5(z—3)—7(6 - z)+3=24 - 3(8 — z).
Removing brackets, 5z —-15-42+72+3=24~24+32;
transposing, Sx+Tx-3x=24-24+15+42-3;
92=54;
z=6.

Ezample 2. Solve (z+1)(22 - 1) - 5z = (22 ~ 3)(x - 5) +47.
Forming the products, we have
22+ 2 - 1-52=222-13x+15+47.
Erasing the term 222 on each side, and transposing,
z-5x+13x=15+47+1;
92=03;
z=T.

79. It is extremely useful for the beginner to acquire the
habit of wverifying, that is, proving the truth of his results;
the habit, of applying such tests tends to make the student
self-reliant and confident if his own accuracy.

In the case of simple equations we have only to show that
when we substitute the value of # in the two sides of the equation
we obtain the same result.
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Ezample. To show that =7 satisfies the equation
(2+1)(2x - 1) - 52 = (22 — 3)(x - 5) +47.
When 2 =17, the left side (x+1)(2x-1) - 52
=(7+1)(14-1)-35=(8x13)-35=69.
The right side (22 - 3)(z - 5) + 47
=(14-3)(7-5) +47=(11 x2) +47 =69.
Thus, since these two results are the same, z=7 satisfies the
equation.

EXAMPLES IX, a.

Write down the solutions of the following equations :

1. 7z=2l. 2. 3z=15. 3. 9x=18. 4, bx=5.
5, 12¢=132. 6. 33=1lz. 7. 4x=-12. 8, -10=-5z.
9. 4x=18. 10. 12z=42. 11, 30=-62. 12, 4x=0.
13. 6x=26. 14, 0=1l=. 15. 1=1la. 16, 3z=-27.
17. 0=-22. 18, 6xz=3. 19. 5=15=. 20, -24=-8z.
Solve the following equations :
21, 6z+3=15. 22. b5x-7=28, 23, 13=7+2x.
24, 15=37-1lx. 25, 4x-T7=11. 26, Tx=18-2x.
.97, 3x-18=7-2z. 28, 4x=13-2x-10.
20, 3x=7-2x+8. 80, 0=11-22+7-10x.
81, 8x-3-b6x-5="Tx. 32, Tx~13=12-5z-5.

33, 5x-17+3x-5=62-7-82+115.

34, Tx-21-4x+13+2x=41-52-"T+6z.

3p, 156-Tx-92-28+14x-17=21-32+13 -9z + 8.

36, bz —-6x+30—"7x=2x+10-"Tx+5x-20.

37, 5xz-3)=4(z-2). 88, 11(5-4x)="(5-6z).
30, 3-7(x-1)=5-4c. 40, 5-4(x-3)=z-2(z-1).
41, 8(x-3)-2(3-2)=2(x+2)-55-z).

42, 45-2)-2=x-3)=z-4-3(x+2).

1 | 1 _l —_l _l
43, 2z+ r=z-3. 44, Qz r=-x+ -,

x_z_!_—3+z_ lx_3_ - l-lx.,.
45' i 2 " 46. 2 4 l‘l 8 2.

47, (x+3)(2x-3)-6x=(x—4)(2x+4) +12.

48. (z+2)(x+3)+(x-3)(x-2)-22(x+1)=0.
49, (2z+1)(2x+6)-T(x-2)=4(x+1)x-1) -9z,
b0, (3z+1)2+6+18(x+1)3=92(3z - 2)+65.
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61. Show that z =5 satisfies the equation
5z — 6(x — 4) =2(x + 5) + 5(x — 4) — 6.

52, Show that 2 =15 is the soiution of the equation

7(26 — x) — 2z — 15 = 2(32 — 25) — .
53, Verify that « = 3 satisfies the equation

2(z+1)(x+3)+8=(2x+1)(x+5).
64, Show that x =4 satisfies the equation

Bz +1)(2x-T7)=6(x-3)%2+17.

80, We shall now give some equations of greater difficulty.

Example 1. Solve 5z — (42~ 7)(3x — 5) = 6 — 3(4z - 9)(z - 1).
Simplifying, we have
52 — (1222 — 41+ 35) = 6 — 3(d22 — 132 +9) ;
and by removing brackets
b5z - 122% + 412 - 35 = 6 — 1222+ 392 — 27.

Erase the term — 1222 on each side and transpose ;

thus bz +4lx-392=6-27+35;
Tx=14;
z=2/
Note. Since the — sign before a bracket affects every term within

it, in the first line of work we do not remove the brackets until we
have formed the products.

Example 2.  Solve 4 _ z-9_=z 1

Multiply by 88, the least common multiple of the denominators ;
352-11(z—-9)=4x—44;
removing brackets, 352-1lz+99=4x-44;

transposing, —-1lzr-42=-44-352-99;
collecting terms and changing signs, 152 =495 ;
L x=33.

Note. In this equation _:x_g_9 is regarded as a single term with

the minus sign before it. In fact it is equivalent to — %(x- 9), the

vinculum or line between the numerator and denominator having the
same effect as a bracket. [Art. 58.]

In certain cases it will be found more convenient not to multi-
ply throughout by the r.c.M. of the denominator, but to clear
of fractions in two or more steps.
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Example 3. Solv z-4 2x—3=5x—32_x+9_
xample olve 3 +__35 —9 %5

Multiplying throughout by 9, we have
3x-12+ 181'2:51—32—%1 H

35
transposing, 18173; 27 + 93;’88.1 =92z -20.

Now clear of fractions by multiplying by 5 x 7 x 4 or 140

722 — 108 + 452 + 405 = 280 — 2800 ;
2800 — 108 + 405 = 280z — 72 — 452 ;
3097 =163z ;
z=19.

67

81. Tosolve equations whose coefficients are decimals, we may
express the decimals as common fractions, and proceed as before;
but it is often found more simple to work entirely in decimals.

Example. Solve *375z ~ 1875 = 12+ 1-185.
Transposing, 375z - ' 122=1'185+1'875 ;
collecting terms, (375 - °12)x =306 ;
that is, 2552 =306 ;
x= 3‘;.6
*z55
=12,

EXAMPLES IX, b

Solve the equations :

1. (z+15)(x-8)-(z-3)2=30-15(z—1).

2. 15-3z=(2z+1)2z~1)- (22— 1)(2z+3).

2 21-2z(2x+1)+2(x-4)(x+2)=0.

4. 3(x+5)-3(2x-1)=32-4(z—b5)+4a"

b, 32%--Tx—(x+2)(x-2)=(x+1)(x-1)+(x-3)(z+3).

6. (z-6)(2x-9)-(11-2)(7-2)=bz~4-T(z-2).

7. 21,293 8 Z+778.1,276
5 2 6 4

0. Z8-0.2-8 10, %2348
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Solve the equations :

11
13,
15,
17,
19,
2l
22,
23.
24,
25.
26.
27,
28.
29,

30.

3L
33.
3b.
37,

’0‘?‘1-1:&-2. 12, z+3+x—;—2=7+2x.
z2-6_z-4_, = z+12_ ol =z
i 6 "0 W =8
z+56_z+1_z+43 16 11-6z_ 9v7:t 5(x-1)
6 9 4 N g 3
4762 _ 4z -T) 4-5z 1-22_13
5 ~*-0="1 18 3
32-1 z-1_2z-31 1-22 2-3z_,1.z
0 4 3 2. —=-=g—=lytg

Sa-n-3w-0=3a-0+]

g(x-4) -%(%-9):}1(:3- 1)-2.

pa+4) - 2z-3)= [z - 5) - {(& - 6) - }(z-2)
33-82) - 17 -20)+ 221 =2 -z 11 - 6a).
1(z+4) —3(2o—x)=_1.(5x— 1)-l(5x—13)+8.

a:+l 52:+9 _z+6 +5-%= 12

2 28 21 3
5_10z+1 x 13z+4 5(x-4)

27 8 18 4
3z x-— 22+5 _
T_T (z-3) —(z+10)+ =5 =0
z+4 1 _
39 5(l z)=2- (6 5z) 5(x+4).
3,1 1/4 = 5 1/, =
ntua™" 2(11 33) 6?;+§(1 2’2)’
Tx—-3:35=64-32z. 32, ‘6z+25+°1+125=4x.
3252~ ‘75x=9+16z. 34, 2z- O0lz+-0052=117.
5z — bz =752 -11. 36, 4x--83z=-7--3.
Find the value of 2 which makes the two expressions

(3z -1)(4x—11) and 6(2z - 1)(z - 3) equal.

What value of z will make the expression 77z - 3(2z - 1)(4z - 2)
equal to 337 - 8(3z~1)(z+1)?



CHAPTER X.

SYMBOLICAL EXPRESSION.

82, Ix solving algebraical problems the chief difficulty of
the beginner is to express the conditions of the question by
- means of symbols. A question proposed in algebraical symbols
will frequently be found puzzling, when a similar arithmetical
question would present no difficulty. Thus, the answer to the
question “find a number greater than x by a” may not be self-
evident to the beginner, who would of course readily answer an
analogous arithmetical question, “find a number greater than 50
by 6.7 The process of addition which gives the answer in the
second case supplies the necessary hint ; and, just as the number
which is greater than 50 by 6 is 50+ 6, so the number which is
greater than x by a is z+a.

- 83, The following examples will perhaps be the best intro-
duction to the subject of this chapter. After the first we leave
to the student the choice of arithmetical instances, should he
find them necessary. .

Ezample 1. By how much does z exceed 17 ?

Take a numerical instance ; ¢ by how much does 27 exceed 171"
The answer obviously is 10, which is equal to'27 -17.

Hence the excess of = over 17 is 2~ 17.

Similarly the defect of « from 17 is 17 — 2.

Ezample 2. If z is one part of 45 the other part is 45 - 2.

Ezxample 3. If  is one factor of 45 the other factor is ~4_z5 .

Ezample 4. How far can a man walk in a hours at the rate of
4 miles an hour?

In 1 hour he walks 4 miles.
In a hours he walks a times as far, that is, 4a miles.
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Example 5. If $20 is divided equally among y persons, the share
of each is the total sum divided by the number of persons, or 8%-

Example 6. Out of a purse containing $2 and y half-dollars a
man spends z quarters ; express in cents the sum left.
$x=4x quarters,
and y half-dollars =2y quarters;
.*. the sum left= (424 2y—2) quarters,
=26(42+2y —2z)cents.

EXAMPLES X. a.

By how much does z exceed 5 ?

By how much is y less than 15?

What must be added to a to make 7 ?

What must be added to 6 to make b?

By what must 5 be multiplied to make a ?
What is the quotient when 3 is divided by a?
By what must 6z be divided to get 2?

By how much does 6z exceed 2z ?

, The sum of two numbers is z and one of the numbers is 10;
what is the other ?

10. The sum of three numbers is 100 ; if one of them is 25 and
another is z, what is the third ?

11. The product of two factors is 42 ; if one of the factors is 4,
what is the other ?

12. The product of two numbers is p, and one of them is m;
what is the other ?

13. How many times is z contained in 2y ?

14, The difference of two numbers is 8, and the greater of them
is a ; what is the other ?

15. The difference of two numbers is z, and the less of them is 6;
what is the other ?

16, What number is less than 30 by y?

17. The sum of 12 equal numbers is 48z ; what is the value of
each number ?
) 18. How many numbers each equal to y must be taken to make
by ?
19, If there are 2 numbers each equal to 2a, what is their sum ?
20, If there are 5 numbers each equal to =, what is their product?

SO

©©=
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9], Ifthere are x numbers each equal to p, what is their product ?

992, If there are n books each worth y dollars, what is the total
cost ?

23, If n books of equal value cost z dollars, what does each
cost ?

94, How many books each worth two dollars can be bought
for y dollars ?

95. If apples are sold at x for a dime, what will be the cost in
cents of y apples ?

26, What is the price in cents of 1 oranges at six cents a score ?

27. If Ispend n dimes out of a sum of $5, how many dimes
have I left ?

28. What is the daily wage in dimes of a man who earns $12
in p weeks, working 6 days a week ?

29. How many days must a man work in order to earn $6 at
the rate of y dimes a day ?

30. If x persons combine to pay a bill of $y, what is the share
of each in dimes ?

31. How many dimes must a man pay out of a sum of $p so as
to have left 30z cents ? .

32, How many persons must contribute equally to a fund con-
sisting of $x, so that the subscription of each may equal y quarters ?

83. How many hours will it take to travel = miles at 10 miles
an hour ?

34. How far can I walk in p hours at the rate of ¢ miles an hour?
85, IfI can walk m miles in % days, what is my rate per day?

36. How many days will it take to travel y miles at = miles
a day ?

84, We subjoin a few harder examples worked out in full.

Example 1. What is (1) the sum, (2) the product of three con-
secutive numbers of which the least is n ?
The two numbers consecutive to n are n+1 and n+2;
o thesum=n+(n+1)+(n+2)
=3n+3.
And the product =n(n+1)(n+2).

Example 2. A boy is x years old, and five years hence his age
will be half that of his father: how old is the father now?

In five years the boy will be 2 +5 years old ; therefore his father
will then be 2(x+5), or 2z+10 years old; his present age must
therefore be 22410 - 5 or 2x+5 years.
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Ezample 8. A and B are playing for money ; A begins with $p
and B with ¢ dimes. B wins $z ; express by an equation the fact
that 4 has now 3 times as much as B.

What B has won A has lost ;

.*» A has p—2z dollars, that is 10(p—z) dimes,
B has q dimes + dollars, that is ¢+ 10z dimes.
Thus the required equation is 10(p —z) =3(g+10z).
Example 4. A man travels a miles by coach and b miles by train;

if the coach goes at the rate of 7 miles an hour, and the train at
the rate of 25 miles per hour, how long does the journey take?

The coach travels 7 miles in 1 hour;

RN 1 ; hour;
that is, ......... s [ SN ; hours.
Similarly the train travels b miles in % hours.
.. the whole time occupied is 24+ hours,

72
Example 5. How many men will be required to do in p hours
what ¢ men do in np hours?
np hours is the time occupied by ¢ men ;
Sl hour.eeeiiiiinennenns g Xmp men;

that is, p hours >
Therefore the required number of men is gn.

EXAMPLES X, b

1. Write down three consecutive numbers of which a is the least.

2. Write down four comsecutive numbers of which b is the
greatest.

3. Write down five consecutive numbers of which ¢ is the
middle one.

4, What is the next o@d number after 2n-11
b. What is the even number next before 2n ?

6. Write down the product of three odd numbers of which the
middle one is 2z +1. ’

7. How old is a man who will be x years old in 15 years ?
8. How old was a man 2 years ago if his present age is n years?
9. In 22 yearsa man will be y years old, what is his present age ?
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10. How old is & man who in x years will be twice as old as
his son now aged 20 years ?

11, In 5 years a boy will be = years old; what is the present
age of his father if he is twice as old as his son ?

12, A has $m and B has n dimes; after A has won 3 dimes
from B, each has the same amount. Express this in algebraical
symbols.

13, A has 25 dollars and B has 13 dollars; after B has won
« dollars he then has four times as much as 4. Express this in
algebraical symbols.

14, How many miles can a man walk in 30 minutes if he walks
1 mile in « minutes ?

15. How many miles can a man walk in 50 minutes if he walks
z miles in ¥ minutes ?

16. How long will it take a man to walk p miles if he walks
15 miles in q hours?

17. How far can a pigeon fly in 2 hours at the rate of 2 miles in
7 minutes ?

18, A man travels z miles by boat and y miles by train, how
long will the journey take if the train goes 30 miles and the boat
10 miles an hour ?

19, If = men do a work in 5z hours, how many men will be
required to do the same work in y hours ?

20. How long will it take p men to mow g acres of corn, if each
man mows 7 acres a day ? -

921, Write down a number which, when divided by a, gives a
quotient b and remainder c.

99, What is the remainder if = divided by y gives a quotient z?

93, What is the quotient if when m is divided by n thereisa
remainder r ?

24, If a bill is shared equally among = persons, and each pays
75 cents, how many dollars does the bill amount to ?

25, A man has $z in his purse, he pays away 25 dimes, and
receives y cents ; express in dimes the sum he has left.

926, How many dollars does a man save in a year, if he earns
$x a week and spends y quarters a calendar month ?

27. What is the total cost of 6x nuts and 4z plums, when z
plums cost a dime and plums are three times as expensive as
nuts ?

28. If on an average there are x words in a line, and y lines in
a page, how many pages will be required for a book which contains
z words ?



CHAPTER XL

PROBLEMS LEADING TO SIMPLE EQUATIONS.

85, THE principles of the last chapter may now be employed
to solve various problems.

The method of procedure is as follows :

Represent the unknown quantity by a symbol, as z, and express
in symbolical langunage the conditions of the question ; we thus
obtain a simple %}:‘;ation which can be solved by the methods
already given in Chapter IX.

Example I. Find two numbers whose sum is 28, and whose
difference is 4.

Let z be the smaller number, then z+4 is the greater.
Their sum is = + (x +4), which is to be equal to 28.

Hence r+x+4=28;
2x=24;

z =12,

and x+4 =16,

so that the numbers are 12 and 16.

The beginner is advised to test his solution by finding
whether it satisfies the conditions of the question or not.

Example II. Divide $47 between A, B, C, so that 4 may have
$10 more than B, and B $8 more than C.
Let « represent the number of dollars that C has; then B has
2 +8 dollars, and A4 has z 48410 dollars.
Hence 2+ (2+8)+ (2+8+10)=47;
r4+x+8+x+84+10=47,
3r=21 H
a=T;
80 that C has 8$7, B 15, A $25.
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EXAMPLES XL a.

1. Six times a number increased by 11 is equal to 65 ; find it.
2. Find a number which when multiplied by 11 and then
diminished by 18 is equal to 15.
8. If 3 be added to a number, and the sum multiplied by 12, the
result is 84 ; find the number.
th4. One number exceeds another by 3, and their sum is 27 ; find
em.
6. Find two numbers whose sum is 30, and such that one of them
is greater than the other by 8.
6. Find two numbers which differ by 10, so that one is three
times the other.
7. TFind two numbers whose sum is 19, such that one shall exceed
twice the other by 1.
8. 8Find two numbers whose sum shall be 26 and their differ-
ence 8. :
h 9. ADivide $100 between A and B so that B may have $30 more
an A.
10, Divide $66 between A4, B, and C so that B may have $8
more than A, and C $14 more than B.
11. A4, B, and C have $72 among them ; C has twice as much
as B, and B has $4 less than 4 ; find the share of each.
12, How must a sum of 73 dollars be divided among A4, B,
and C, so that B may have 8 dollars less than A4 and 4 dollars
more than C?

Example III. Divide 60 into two parts, so that three times the
g;e;a%r may exceed 100 by as much as 8 times the less falls short
o X

Let « be the greater part, then 60—z is the less.

Three times the greater part is 3z, and its excess over 100 is

32 - 100.
Eight times the less is 8(60 — z), and its defect from 200 is
200 - 8(60 — x).
Whence the symbolical statement of the question is
3z ~100 = 200 - 8(60 - z) ;
32 — 100 = 200 — 480 + 8=,
480 - 100 — 200 = 8z — 3z,
52 =180 ;
z = 36, the greater part,
and 60 — x = 24, the less.
H.A. E
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Example IV, 4 is 4 iears older than B, and balf A’s age
exceeds one-sixth of B's age by 8 years ; find their ages.
Let  be the number of years in B’s age, then A’s sge is 2 +4 years.

One-half of 4’s age is represented by }(x+4) years, and one-sixth
of B’s age by }x years,

Hence T Hx+4)-3x=8;
multiplying by 6 3x+12-2=48;
. 2x=36;

x =18.

Thus B’s age is 18 years, and 4’s age is 22 years.
Divide 75 into two 8o that three times one part ma;
belgt;uble of ch other. parts, pe 7

14. Divide 122 into two parts, such that one may be as much
above 72 as twice the other is below 60.

15. A certain number is doubled and then increased by 5, and
the result is less by 1 than three times the number ; find it.

16. How much must be added to 28 so that the resulting number
may be 8 times the added part?

17. Find the number whose double exceeds its half by 9.

18. What is the number whose seventh part exceeds its eighth
part by 1?

19. Divide 48 into two parts, so that one part may be three-fifths
of the other. -

20, If A4, B, and C have £76 between them, and A’s money is
double of B’s and C’s one-sixth of B’s, what is the share of each?

21. Divide 8511 between A4, B, and C, so that B’s share shall be
one-third of 4’s, and C’s share three-fourths of 4’s and B’s together.

22. B is 16 years younger than A4, and one-half B’s age is equal
to one-third of I’s ; how old are they ?

23, A is 8 years younger than B, and 24 years older than C';
one-sixth of 4’s age, one-half of B’s, and one-third of C’s together
amount to 38 years ; find their ages.

24, Find two consecutive numbers whose product exceeds the
square of the smaller by 7. [See Art. 84, Ex. 1.]

25. The difference between the squares of two consecutive
numbers is 31 ; find the numbers.

86. We shall now give examples of somewhat greater
difficulty.
Example I. A has $6, and B has six dimes; after B has won

from A a certain sum, A4 has then five-sixths of what B has; how
much did B win ?
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Suppose that B wins z dimes, 4 has then 60—z dimes, and B
has 642 dimes.
Hence 60—z=3(6+z);
360 —6x=304- bz,
112=330;
z=30.

Therefore .B wins 30 dimes, or $3.

Example II. A is twice as old as B, ten years ago he was four
times as old ; what are their present ages ?
Let B's age be x years, then A’s age is 2z years.
Ten years ago their ages were respectively x—10 and 2x—10
years ; thus we have
22—-10=4(x—10) ;

2x—10=4x—40,
22=380;
. =15,
so that B is 15 years old, 4 30 years.

EXAMPLES XI. b.

1. Ahas $12 and B has $8; after B has lost a certain sum to 4
his money is only three-sevenths of A’s; how much did 4 win ?

2, A and B begin to play each with $15; if they play till B's
money is four-elevenths of A’s, what does B lose ?

3, Aand B have $28 between them ; A gives $3 to B and then
finds he has six t.1mes as much money as B; how much had each
at first ?

4, Ahad three times as much money as B; after giving $3 to
B he had only twice as much ; what had each at first ?

b. A father is four times as old as his son ; in 18 years he will
only be twice as old ; find their ages.

6. A is 20 years older than B, and 5 years ago 4 was twice as
old as B; find their ages.

7. How old is a man whose age 10 years ago was three-eighths
of what it will be in 15 years ?

8. Aistwice as old as B; b years ago he was three times as
old ; what are their present a.ges ?

9. A father is 24 years older than his son ; in 7 years the son’s
age will be two-fifths of his father’s age; what are their present
ages ?
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Example III. A person spent §66.40 in buying geese and
ducks ; if each goose cost 7 dimes, and each duck 8 dimes, and if
the total number of birds bought was 108, how many of each did
he buy ?

In questions of this kind it is of essential importance to have all
quantities expressed in the same denomination; in the present
instance it will be convenient to express the money in dimes.

Let x be the number of geese, then 108 —z is the number of ducks.

Since each goose costs 7 dimes, x geese cost 7x dim
di And since each duck costs 3 dimes, 108 —z ducks cost 3(108—x)

imes.

Therefore the amount spent is
Tx+3(108 —z) dimes.
dBut; the question states that the amount is also $66.40, that is 564
imes.
Hence Tx+3(108—2) =564 ;
T2+ 324 —3x=>564,
4x=240,
. =60, the number of geese,
and 108 —x =48, the number of ducks.
Note. In all these examples it should be noticed that the un-
known quantity x represents a number of dollars, ducks, years, etc. ;
and the student must be careful to avoid beginning a solution with

a supposition of the kind, ‘‘let x=A’'s share’ or ‘‘let x=the
ducks,” or any statement so vague and inexact.

It will sometimes be found easier not to put z equal to the

quantity directly required, but to somne other quantity involved
in the question ; by this means the equation is often simplified.

Example IV. A woman spends $1 in buying eggs, and finds
that 9 of them cost as much over 25 cents as 16 cost under 75 cents ;
how many eggs did she buy ?

Let x be the price of an egg in cents ; then 9 eggs cost 9x cents,
and 16 eggs cost 16z cents ;

. 9x—25=76—16z,
252=100;
- x=4.
Thus the price of an egg is 4 cents, and the number of eggs
=100+-4=26.

10. A sum of $30 is divided between 50 men and women, the
men each receiving 75 cents, and the women 50 cents; find the
number of each sex.
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‘11. The price of 13 yards of cloth is as much less than $10 as
the price of 27 yards exceeds $20 ; find the price per yard.

12. A hundredweight of tea, worth $68, is made up of two
sorts, part worth 80 cents a pound and the rest worth 50 cents a
pound ; how much is there of each sort ?

13. A man is hired for 60 days on condition that for each day
he works he shall receive $2, but for each day that he is idle he
shall pay 81 for his board : at the end he received $90 ; how many
days had he worked ?

14. A sum of $6 is made up of 30 coins, which are either quar-
ters or dimes ; how many are there of each ?

15, A sum of §11.46 was paid in half-dollars, quarters, and
dimes ; the number of half-dollars used was four times the number
of quarters and ten times the number of dimes; how many were
there of each ?

16. A person buys coffee and tea at 40 cents and 80 cents a
pound respectively ; he spends $15.10, and in all gets 24 1bs. ; how
much of each did he buy ?

17. A man sold a horse for a sum of money which was greater
by 868 than half the price he paid for it, and gained thereby $18;
what did he pay for the horse ?

18. Two boys have 240 marbles between them ; one arranges
his in heaps of 6 each, the other in heaps of 9 each. There are 36
heaps altogether ; how many marbles has each ?

19. A man’s age is four times the combined ages of his two sons,
one of whom is three times as old as the other; in 24 years their
combined ages will be 12 years less than their father’s age ; find
their respective ages.

20. A sum of money is divided between three persons, 4, B, and
C, in such a way that A and B have $42 between them, B and C
have $45, and C and A have $53; what is the share of each ?

21. A person bought a number of oranges for $3, and finds that
12 of them cost as much over 24 cents as 16 of them cost under 60
cents ; how many oranges were bought ?

29. By buying eggs at 15 for a quarter and selling them at a
dozen for 15 cents a man lost $1.50 ; find the number of eggs.

23. 1bought a certain number of apples at four for a cent, and
three-fifths of that number at three for a cent; by selling them at
sixteen for five cents I gained 4 cents ; how many apples did I buy ?

924, 1If 8 Ibs. of tea and 24 1bs. of sugar cost $7.20, and if 3 Ibs.
of tea cost as much as 45 lbs. of sugar, find the price of each per
pound.
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25, Four dozen of port and three dozen of sherry cost $89 ; if
a bottle of port costs 26 cents more than a bottle of sherry, find the
price of each per dozen.

26, A man sells 50 acres more than the fourth part of his farm
and has remaining 10 acres less than the third ; {ind the number
of acres in the farm.

27. Find a number such that if we divide it by 10 and then
divide 10 by the number and add the quotients, we obtain a result
which is equal to the quotient of the number increased by 20 when
divided by 10.

928, A sum of money is divided between three persons, 4, B,
and C, in such a way that A receives $10 more than one-half of
the entire amount, B receives $10 more than one-third, and C the
remainder, which is $10 ; find the amounts received by A and B.

29, The difference between two numbers is 15, and the quotient
arising from dividing the greater by the less is 4 ; find the numbers.

30. A person in buying silk found that if he should pay $3.50
per yard he would lack $156 of having money enough to pay for it ;
he therefore purchased an inferior quality at $2.60 per yard and
had $26 left ; how many yards did he buy ?

31, Find two numbers which are to each other as 2 to 3, and
whose sum is 100.

32. A man’s age 18 twice the combined ages of his three sons,
the eldest of whom is 3 times as old as the yotngest and § times as
old as the second son ; in 10 years their combined ages will be 4
years less than their father's age ; find their respective ages.

33, The sum of $34.560 was given to some men, women, and
children, each man receiving $2, each woman $1, and each child
50 cents. The number of men was 4 less than twice the number of
women, and the number of children was 1 more than twice the
number of women ; find the total number of persons.

34, A man bought a number of apples at the rate of 5 for
8 cents. He sold four-fifths of them at 4 for 3 cents and the
remainder at 2 for a cent, gaining 10 cents ; how many did he
buy ?

36. A farm of 350 acres was owned by four men, A4, B, C, and
D. B owns five-sixths as much as A4, C four-fifths as much as B,
and D one-gixth as much as 4, B, and C together; find the num-
ber of acres owned by each.




CHAPTER XIL

ELEMENTARY FRACTIONS.

Highest Common Factor of Simple Expressions.

66, DeriniTioN. The highest common factor of two or
more algebraical expressions is the expression of highest dimen-
sions [Art. 68] whicg divides each of them without remainder.

The abbreviation H.C.F. is sometimes used instead of the
words highest common factor. -

89. In the case of simple expressions the highest common
factor can be written down by inspection.

Example 1. The highest common factor of a4, a3, a?, a® is a2

Ezample 2. The highest common factor of a’h!, a?b’2, a‘b’c is
a?bt; for a® is the highest power of a that will divide a3, a3, at;
b4 is the highest power of b that will divide b4, b5, 57 ; and ¢ is not a
common factor.

90, If the expressions have numerical coefficients, find by
Arithmetic their greatest common measure, and prefix it as a
coefficient to the algebraical highest common factor.

Ezample. The highest common factor of 21ats’y, 35a%c4y, 28a’ry
is 7a’zy ; for it consists of the product of
(1) the greatest common measure of the numerical coefficients ;

(2) the highest power of each letter which divides every ane of
the given expressions.

EXAMPLES XII. a.

Find the highest common factor of

1, .3ab%, 2ab%. 2, 2%, da%l. 3, b5, 5b%. 4, 42, 2xy%S.
b. ab’c,a’be’. 6, 3a%,9abc. T, 6z, 2xy. 8. 157 bxytd.

9, 12a%c?, 18ab’c?, 10, 70y, 21y,
11, 8az, 6a%y, 10ab%®, 12, a*zPy, bdxyd, caty’.
13. 14b¢%, 63ba?, 56b%. 14, 152%, 602°y%3, 252%4,

16, 17zy%, Blays, 3z%yz 16, T7a%c?, 33a%°cs, abics,
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Lowest Common Multiple of 8imple Expressions,

91. DeriviTioN. The lowest common multiple of two or
more algebraical expressions is the expression of lowest dimen-
sions which is divisiEle by each of them without remainder.

The abbreviation L.C.M. is sometimes used instead of the
words lowest common multiple.

92. In the case of simple expressions the lowest common
multiple can be written down by 1nspection.

Example 1. The lowest common multiple of a4, a3, a3, af is af,

Example 2. The lowest common multiple of a%$, ab% a2’ is
a7 ; for a® is the lowest gower of a that is divisible by each of the
quantities a3, a, a?; and 7 is the lowest power of b that is divisible
by each of the quantities b, % b.

93, If the expressions have numerical coefficients, find by
Arithmetic their least common multiple, and prefix it as a co-
efficient to the algebraical lowest common multiple.

Example. The lowest common multiple of 2latzy, 35a%x%y,
28a3zy is 420a‘z'y ; for it consists of the product of ’ ’

(1) the least common multiple of the numerical coefficients ;

(2) the lowest power of each letter which is divisible by every
power of that letter occurring in the given expressions.

EXAMPLES XII b.

Find the lowest common multiple of

1. zyz 3. 2, a4, abe. 3. 22%, 3ay*.

4, 4a? 3abxt, B. 4abcd, 5ab. 6. 2ab, 4zy.

7. mn, nl, Im. 8. =y, 3y2?, 22 9. 2ry, 3yz, 4z,
10. P%qr, ¢, Tpg. 11, 152%, 25zy:?. 12, 9al? 2la’c.
13. 27a8, 8153, 18a2b®. 14, 5axb, 6ecy, Talxc5z.

15. 15a%b%, 20aaly, 3022 16, 72p%gPr, 108p5¢%r.

Find both the highest common factor and the lowest common
maultiple of

17. 2ab? 3a%?, 4a'b. 18. 152%2 5x%y2". 19, 2at, 8a?h’c".

20. b7azy, T6xy>". 91, 32a%lPc, 48a7bc’,
99. 51mdp?, pn, 34mnps. 93, 49a4, 56b%, 2lacs,

94, 66atbicxt, Boabizy'z, 12125z
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Elementary Fractions,

94, DeriniTION. If a quantity 2 be divided into b equal
parts, and a of these parts be taken, the result is called tke

Jraction % of #. If x be the unit, the fraction £ of z is called

b
ay

simply “the fraction 53 8o that the fraction ¢

5 represents a

equal parts, b of which make up the unit.

95, In this chapter we propose to deal only with the easier
kinds of fractions, where the numerator and denominator are
simple expressions.

Their reduction and simplification will be performed by the
usual arithmetical rules. For the proofs of these rules the
reader is referred to the Elementary Algebra for Schools,
Chapter xv. ,

Rule. 70 reduce a fraction to its lowest terms: divide
numerator and denominator by every factor which is common to
them both, that is by their highest common factor.

Dividing numerator and denominator of a fraction by a com-
mon factor is called cancelling that factor.

6a% _2a
Examples. (1) e~ 3¢
Totyz _ 1
@ AT i
35a%b3c _ Bath _

@) Sy =1 %%

EXAMPLES XIL c,

Reduce to lowest terms :
2a 3a? be? %ube
1. m- 2. QTb' 3. m‘ 4. W
5. 2 g, 12mn q, Uay® g 9a%
" wY EREY Ty " 0abc
15a2b%c3 SasyA 10z 3minipt
% Teaba 10 T 1logpv 12 L
15k2p%m* 27a4b%23 B6aich? 422323
13 26k pm” 14, prom e Tiacs' 16. 2102%9%"
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Multiplication and Division of Fractions,

96. Rule. 7o multipl, i/ algebraical fractions: as in Arith-
metic, multiply together all the numerators for a new numerator,
and all the denominators for a new denominator.

2 522 3b%_ 2 x 522 x 3b? _ bz

Bwample 1. 3% 52 25 ~ Shx2a%x 25 22’

by cancelling like factors in numerator and denominator.

3a®h Thbe  Sca _
Ezample 2. B 33" 75 =1,

all the factors cancelling each other.

97. Rule. 7o divide one fraction by another: invert tln
divisor and proceed as in multiplication.
Ta®  6c’z - 28a23
4 " Bal? 156z
_Tad 6z 15bky?
I bal " B’
_9¢
=2
all the other factors cancelling each other.

EXAMPLES XII. d.

Simplify the following expressions :

Ezample.

7y ab’ ab 4c’d 2a23
L % 2 @ s 3. '3%"4%
6a2x® _ 14b% 3ab? _ 15b%c? 7¢3 2502
4 T b s X 9ats 6. e Tame
7, O %d, Imy g 4%, 3p'¢. pq
* by 3ab 4m? Ozy " 8a%b? 27
g, 20%, 100 bt 10, Y217 34
" Bach 4t B8 R 2y
11, 8a%, 92t o 12 15b2x14d= 81d®
Dby~ Ba% * 40c abc  2ic

Reduction to a Common Denominator.

98. In order to find the sum or difference of any fractions,
we must, as in Arithmetic, first reduce them to a common
denominator ; and it is most convenient to take the lowest com-
mon multiple of the denominators of the given fractions.
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Example. Express with lowest common denominator the fractions
a b c
8ay’ bzy: 2
The lowest common multiple of the denominators is 6zyz. Multi-
plyinithe numerator of each fraction by the factor which is required

to make its denominator 6xryz, we have the equivalent fractions
2z b 3ex
6xy? 6xy? 6xyz

Note. The same result would clearly be obtained by dividing the
lowest common denominator by each of the denominators in turn,
and multiplying the corresponding numerators by the respective
quotients.

EXAMPLES XII. e.

Express as equivalent fractions with common denominator :

LZ%E a kW gkl g o o
ST N LI I
o 51 10. 42 2 w5 8 L
12 L L1 5 3_’52 L o unLt

Addition and Subtraction of Fractions.

99. Rule, 7o add or subtract fractions: express all the
fractions with their lowest common denominator ; form the algebrai-
cal sum of the numerators, and retain the common denominator.

Ezample 1. Simplify 5_: + Zz - 7;
The least common denominator is 12.

The expression = 2&%’;’_‘1}” = l,lé‘f =

Example 2. Simplify "%” - ;;IZ - %‘.

5z
1

The expression=——————— = 02
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PR 2z _y
Ezxample 3. Simplify T " 3ea
Y, and admits of no further simplification.
3aic?

Note. The beginner must he careful to distinguish between
erasing equal terms with different signs, as in Example 2, and
cancelling equal factors in the course of multiplication, or in
reducing fractions to lowest terms. Moreover, in simplifying frac-
tions he must remember that a factor can only be removed from
numerator and denominator when it divides each taken as a whole.

Thus in % ¢ cannot be cancelled because it only divides cy

and not the whole numerator. Similarly a cannot be cancelled
because it only divides 6ax and not the whole numerator. The
fraction is therefore in its simplest form,

When no denominator is expressed the denominator 1 may
be understood.

_a?_3z a®_12zy-a?

Example 4. 3z it e

If a fraction is not in its lowest terms it should be simplified
before combining it with other fractions, .

Example 5. ar 2%y _az_z_3ax-2x

2 3%y 2 3 6
EXAMPLES XII f,
Simplify the following expressions

The expression =

sgb agR npg sl
0. 242 10 23 1L i 122
18 3-3+5% 18, %20 16. %"“;—Z-%
16. g-%’@%. 17. 2+g-‘% 18, §°+z%1'q£"
19 -5 20 T2l Zos oz w-I
23, g_zj_’; 2 28 o B E



CHAPTER XIIL

SDIULTANEOIi’S EquarTions.

100. CoxsipEr the equation 22+ 5y=23, which contains two
unknown quantities.

By transposition we get

by=23-2x;

that is, y=235‘2” .............. SR ¢ )}

From this it appears that for every value we choose to give
to 2 there will be one corresponding value of y. Thus we shall

be able to find as many pairs of values as we please which
satisfy the given equation.

For instance, if x=1, then from (1) we obtain y=-251.

Again, if #= —2, then y=%7; and so on.

But if also we have a second equation containing the same un-
known quantities, such as 3z +4y=24,

we have from this Y T ceeveeene cresnsenend (2).

If now we seek values of # and y which satisfy botk equa-
tions, the values of y in (1) and (2) must be identical.

Therefore 23;2@'___24;—3@:
Multiplying across 92 —8r=120-15x;
Tx=28;
S r=4,
Substituting this value in the first equation, we have
8+5y=23;
. by=15;
S y=3,
and z=4.

Thus, if both equations are to be satisfied by the same -alues
of x and y, there is only one solution possible.
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101. DeriNiTioN. When two or more equations are satisfied
by the same values of the unknown quantities they are called
simultaneous equations,

‘We proceed to explain the different methods for solving simul-
taneous equations. In the present chapter we shall contine our
attention to the simpler cases in which the unknown quantities
are involved in the Erst degree.

102. In the example already worked we have used the
method of solution which best illustrates the meaning of the
term stmultaneous equation ; but in practice it will be found that
this is rarely the readiest mode of solution. It must be borne
in mind that since the two equations are simultaneously true,
any equation formed by combining them will be satisfied by the
values of # and y which satisfy the original equations. Our
object will always be to obtain an equation which involves one
oniy of the unknown quantities.

103. The process by which we cause either of the un-
known quantities to disappear is called elimination. We shall
consider two methods.

Elimination by Addition or Subtraction.
Example 1. Solve Be+TYy=2T. ceeieirriiniinnnn. ),

To eliminate  we multiply (1) by 5 and (2) by 3, so as to make
the coefficients of z in both equations equal. This gives
15z + 35y = 135,
152+ 6y =48;
subtracting, 20y = 87 ;
) Loy=3.
To find z, substitute this value of y in either of the given
equations.
Thus from (1), 3x+21 =27;

S =2,
and y= 3.}
Note. When one of the unknowns has been found, it is immaterial

which of the equations we use to complete the solution. Thus, in
the present example, if we substitute 3 for y in (2), we have

52+6=16;
. x =2, as before.
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Example 2. Solve- Tx+2y=4T cccovrunans PN W (1),
bz—4y= 1..... sessoueene cenneerssacenes (2)

Here it will be more convenient to eliminate y.
‘Multiplying (1) by 2,  1dz+4y =94,

and from (2) Sx-4y=1;
adding, 192 =95 ;
xz=>5.

Substitute this value in (1),
S 3542y=47;
. y=6

Note. .Add when the coefficients of one unknown are equal and
unlike in sign ; subtract when the coeflicients are equal and like in

sign.
Elimination by Substitution.

Example 8. Solve 22=56y+1 ........ Cieeraessaens ),
24—Tx=3y..... Cedreesreeeeaaes 2).

Here we can eliminate 2 by substituting in (2) its value obtained
from (1). Thus

24-;(5y+l)=3y;

48-35y -7 =6y ;
41 =4ly;

Soy=1,
and from (1) a:=3.}

104, Any one of the methods given above will be found
sufficient ; but there are certain arithmetical artifices which
will sometimes shorten the work.

Example. Solve

Noticing that 28 and 63 contain a common factor 7, we shall make
the coefficients of z in the two equations equal to the least common
multiple of 28 and 63 if we multiply (1) by 9 aud (2) by 4.

Thus 252z - 207y = 198,

2522 -220y = 68 ;

subtracting, 13y =130;
that is, y =10,

and therefore from (1), z=9.
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EXAMPLES XIII. a.

Solve the equations :

1l z+y=19, 2 x+y=23, 3 z+y=1,
z-y= 1. z-y= b z-y=-9.

4, z+y=24, 6. z-y=86, 6 =z-y=25,
z-y= 0. z+y=0. z+y=13.

7. 3x+45y =250, 8. z+5y=18, 9, 4+ y=10,
4z +3y = 41. 3242y = 41. 5z+Ty = 41.

10, 7z-6y =25, 11, 5z+4y =7, 12, 3x-Ty=1,
bz +4y = 51. dx+5y =2. dx+ y="53.

13, Tz+5y=45, 14, 4x+5y=4,  1b, 1llz-Ty=43,
2% -3y =4. 52— 3y ="T9. 2z -3y =13.

16, 4x-3y=0, 17, 2z+3y=22, 18. Tx+3y=65,
Tz -4y = 36. 5z+2y=0. Tz -8y =32

19, 13z-y=14, 20, 9x-8y=14, 21 1dz+13y=35,
2z-Ty=9. 15z - 14y = 20. 21z + 19y = 56.

22, 5x=Ty-21, 23, b55z=33y, 24, 5z-Ty=11,
21z - 9y = 75. 10z = 7y - 15. 18z = 12y.

26, 13z-9y=46, 26, 6z-5y=11, 27. 1ly-1lx =66,
1lz-12y =17. 28z +21y =17. Tx+8y=3.

28. 6y-5x=11, 29. 3z+10=5y, 30. 4y=47+3z,
4z="Ty-22. Ty = 4z +13. 5z = 30 - 15y.

81, lNz+13y=7, 32, 13z-17y=11, 33, 19z+17y=7,
13z+11y = 17. 292 - 39y = 17. 412+ 37y =17.

105. We add a few cases in which, before proceeding to
solve, it will be necessary to simplify the equations.

Example, Solve b(z+2y)-(3z+1ly)=14 ccccccirvniiirinninnns (1),
Tx-9y—3(x—4y) =38 cccovevirinnnnnn. veee (2).

From (1), bz+10y -3z -1ly=14;
S 2-y=14 e (3).

From (2), Tz-9y-3x+12y=38;
. 42 4+3Y =38 t.crrreeeiiinnninns (4).

From (3), 62 - 3y = 42.

By addition, 10z = 80; wheuce z=8. From (3) we obtain y = 2.
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106. Sometimes the value of the second unknown is more
easily found by elimination than by substituting the value of
the unknown already found.

Example. Solve 3z - "/—;5 = 4x2— L S 1),
8y+4 1o, &\ - .
5 §(2x 5) =9 cevieerirnns . eeerenesenes (2).
Clear of fractions. Thus
from (1), 422 -2y +10=282-21;
142 -2y = =31 ..coovvrirrrnas veererens (3).
From (2), 9y +12 - 102 +25 = 15y ;
10246y =37 ..ooviiiriicrnniirnnnnnieenns (4).
Eliminating y from (3) and (4), we find that
X = - 1_4
13
Eliminating z from (3) and (4), we find that.
y= 207
26"

107. Simultaneous equations may often be conveniently

solved by considering %‘ and ; as the unknown quantities.

8 9_
Ezxample. Solve 2Ty L o e (1),
10,6 _
;+§— cerereenens sressssssesesnssessasannnns (2
Multiply (1) by 2 and (2) by 3; thus
16_18_,
z y
gg !_8. =21;
z
adding, % =23
multiplying up, 46 = 23z 3
Lox=2;
and by substituting in (1), 7 =3.
H.A. ¥
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EXAMPLES XII. b.

8olve the equations:

1, 2z-y=4, 2 4z-y=1], 3, z+2 =13,
i Y- z 3y 2z_y._
2+4 5. 27y 4. 35 L
3z _ _’2!/_ 3_?— -

4, ‘m"‘y"l’ b = 35 6. 5 Y 7
z+3y=2 4r-3y=1. 4x+5y=0.

70 53=4y, 8- ﬁ".'l=0, 90 2‘+y=-2.
iz 3y _ 5,9, z.y._

3 5" = it6=0

10. lz+3)=0, 11 32-2y=20, 12 le-ly=o

b= L o=, 12 gog=o,
%x—y=4i- %(y+8)=2. 3z=2y.

13. 3(z-y)+2x+y) =15, 3(z+y)+2z-y)=25.

14, 3(z+y-5)=2(y-2), 8(z-y-T)+2(x+y-2)=0.
16. 4(2x-y-6)=3(3x-2y-5), 2z-y+1)+4x=3y+4.
16. 7(2z-y)+5(3y—4a)+30=0, bly-=z+3)=6(y-22).

z+4_y-4_ z-12_y+18_22+3y
W == =2ety+d S S

8.9 3,56 10 3

4= Z4+Z= Z_2=8
10, S42en, g0 2Bewm m K3

8_1_o 7_3_13 3,2__3

z Yy z Y z Yy

108. In order to solve simultaneous equations which contain
two unknown quantities we have seen that we must have two
equations. Similarly we find that in order to solve simul-
taneous equations which contain three unknown quantities we
must have three equations. :

Rule. Eliminate one of the unknowns from any pair of the
equations, and then eliminate the same unknown from another pair.

wo equations involving two unknowns are thus obtained, which may
be solved by the rules already given. The remaining unknown s
then found by substituting in any one of the given equations.
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Example. Solve Te+8y—T2= =8 . .ccvirervcrrvrnvnrsnnee: (1)
PR I e | O @),

52 =4y +42=35 .coceeirirennnnnniininnnennee. (Sh

Choose y as the unknown to be eliminated.
Multiply (2) by 5, 20z+10y—-152=0;
Multiply (1) by 2, l4x+10y-14z= -16;

by subtraction, 6x-2=16 .....cea... cesesscenses (4)e
Multiply (2) by 2, 8r+4y-62=0;
from (3), br-4y+42=35;
by addition, 132 -2z = 35.
Multiply (4) by 2, 122-2=32;
by subtraction, z=3.
From (4) we find 2=2,
and from (2), y=-3.
109. Some modification of the foregoing rule may often be
used with advantage.
Example. Solve g—l=%+l=;+2,_
Y,z
| Y5=12
From the equation g- 1=%+l,
we have B -y =12 ...coviirncernceneessnrenncnsannnanes (1)
Also from the equation g- 1= ; +2,
we have Tx-2=42 ....... resessnsasarsasnsansasnsanse . (2).
And from the equation g+ .2’. =13,
we have 2y+32=178 ....... tesseasssnnnsessnssesaessassse (B)e

Eliminating z from (2) and (3), we have
2lx+4y=282;
and from (1) 122 -4y =48 ;

whence =10, y=18. Also by substitution in (2) we obtain z=14.
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EXAMPLES XIII. c.

Solve the equations :

1 32-2y+2=4, 2 3z+4y-6z=16,

. 2x+3y-2=3, do+ y- z=24,
z+ y+z=8. z-3y-2%2= 1.

3. z+2y+3:=32, 4, z- y+ 2= §
4z -5y +62 = 27, 62+ 3y +2z = 84,
Tz +8y-9z=14. 3z+4y-5z=13.

b6, Tx-4y-3= 0, 6, 4x+3y- z= 9,
bz -3y+22=12, 92— y+52=16,
32+2y-5z= 0. z+4y-3z2= 2

T. 3y-6z-5z=4, 8. 3y+2 +5z=2l,
2 ~3xz- y=8, 82-3:+ y= 3,
z-2y+2:+2=0. 22 +22 -3y = 39.
1 11 11 .1

8. =+ ytz=p 10, Fy=S-g»

11 1,1 _. 1

T+ +gz=g, & g¥=3-
z+ y-9z=1. 2y+7=fi(z-x).
1 .1 _ | P 1 =

11, gr+ily+2)=13 dz+ (z-y) =11, gz—42)=y.

12, 20-3e-29)=2, Ja+y)=28-2), z=dy+s

13, 7+%_%=y-z=x—z=z—3.
x—g: _Z= =0,

14. 373°Yt3 z+y+2+2=0
2-y-2z_2-2-2_2-z2-y__

15, b) - 3 4 z-y-2-6.

16, g+y=l, g-z=3, 2+2y+324+8=0.




CHAPTER XIV.
PROBLEMS LEADING TO SIMULTANEOUS EQUATIONS.

110, Ix the Examples discussed in the last chapter we have
seen that it is essential to have as many equations as there are
unknown quantities to determine. Consequently the statement
of problems which give rise to simultaneous equations must
contain as many independent conditions, or different relations
between the unknown quantities, as there are quantities to be
determined.

Example 1. Find two numbers whose difference is 11, and one-
fifth of whose sum is 9.

Let x be the greater number, y the less;

then z—y=11 ... ciiiiiiiinieenn (1)
x
Also _;-_y=9,
or x+y=456 ..... Ceeeaaes N )8

By addition 22=>56 ; and by subtraction 2y=34.

The numbers are therefore 28 and 17.

Ezxample 2. If 15 lbs. of tea and 10 1bs. of coffee together cost
$15.50, and 25 Ibs. of tea and 13 1bs. of coffee together cost $24.55
find the price of each per pound.

Suppose a pound of tea to cost z cents,

and.....,.....coffee..... Yieooen

Then from the question we have

162+10y=1660 ..eec-vreeersencensa(l),
26x+13y=2456 ...... ceiesesesesses(2).

Multiplying (1) by 5 and (2) by 3, we have

762+ 60y ="1750,
762+ 39y ="7366.

Subtracting, 11y=385,

y=386.

And from (1), 162+ 850=15650 ;
whence 162=1200 ;

2=80.

.*. the cost of a pound of tea is 80 cents,
and the cost of a pound of coffee is 36 cents.
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Ezxample 3. 1In a bag containing black and white balls, half the
number of white is equal to a third of the number of black ; and
twice the whole number of balls exceeds three times the number of
black balls by four. How many balls did the bag contain ?

" Let z be the number of white balls, and y the number of black
balls; then the bag contains z+y balls.

‘We have the following equations :
z

==

2 3
2Az+y)=3y+4
Substituting from (1) in 2, we obtain
%+2y=3y+4;

whence y=12;
and from (1), x=8.
Thus there are 8 white and 12 black balls.

111. In a problem involvin§l the digits of a number the
student should carefully notice the way in which the value of a
number is algebraically expressed in terms of its digits.

Consider a number of three digits such as 435 ; its value is
4x100+3x10+5. Similarly a number whose digits beginning
from the left are z, 7, z

=z hundreds+y tens+2z units

=100z+10y+2.

Ezxample. A certain number of two digits is three times the sum
of its digits, and if 45 be added to it the digits will be reversed ;
tind the number.

Let = be the digit in the tens’ place, y the digit in the units’ place ;
then the number will be represented by 10z+y, and the number
formed by reversing the digits will be represented by 10y + 2.

Hence we have the two equations

1024y =3(T+Y) cerrrinnieninniniiinnnees (1),
and 102+y+45 = 10Y+2u.cciiirrncnnnrnnicnnenns 2).
From (1), Tx=2y;
from (2), y-x=5.

From these equations we obtain z=2, y = 7.
Thus the number is 27.
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EXAMPLES XIV.

1. ‘Find two numbers whose sum is 54, and whose difference is
12.

2. The sum of two numbers is 97 and their difference is 51 ; find
the numbers.

3. One-fifth of the difference of two numbers is 3, and one-third
of their sum is 17 ; find the numbers.
* 4, One-sixth of the sum of two numbers is 14, and half their
difference is 13 ; find the numbers.
5. Foursheep and seven cows are worth $131, while three cows
and five sheep are worth $66. What is the value of each animal ?

6. A farmer bought 7 horses and 9 cows for $330. He could
have bought 10 horses and 5 cows for the same money ; find the
price of each animal.

7. Twice A's age exceeds three times B’s age by 2 years; if
the sum of their ages is 61 years, how old are they ?

8. Half of A’s age exceeds a quarter of B's age by 1 year, and
thrtlele-quarters of B’s age exceeds A4’s by 11 years; find the age of
each ? :

9, Ineight hours C walks 3 miles more than D does in six hours,
and in seven hours D walks 9 miles more than C does in six hours;
how many miles does each walk per hour ?

10. In 9 hours a coach travels one mile more than a train does
in 2 hours, but in 3 hours the train travels 2 miles more than
the coach does in 13 hours ; find the rate of each per hour.

11. A bill of 815 is paid with half-dollars and quarters, and
three times the number of half-dollars exceeds twice the number of
quarters by 6 ; how many of each are used ?

12. A bill of $8.70 is paid with quarters and dimes, and five
times the number of dimes exceeds seven times the number of quar-
ters by 6 ; how many of each are used ?

13. Forty-six tons of goods are to be carried in carts and wag-
ons, and it is found that this will require 10 wagons and 14 carts,
or else 13 wagons and 9 carts ; how many tons can each wagon and
each cart carry ?

14. A sum of $14.50 is given to 17 boys and 15 girls ; the same
amount could have been given to 13 boys and 20 girls; find how
much each boy and each girl receives.

16. A certain number of two digits is seven times the sum of
the digits, and if 36 be taken from the number the digits will be

reversed ; find the number,
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16. A certain number of two digits is four times the sum of the
digits, and if 27 be added to the number the digits will be reversed ;
find the number.

17. A certain number between 10 and 100 is six times the sum
of the digits, and the number exceeds the number formed by re-
versing the digits by 9; find the number.

18. The digits of a number between 10 and 100 are equal to
each other, and the number exceeds 6 times the sum of the digits
by 8; find the number.

19. A man has $380 in silver dollars, half-dollars, and quarters ;
the number of the coins is 852, and their weight is 2356 ounces. If
a dollar weighs } oz., a half-dollar } oz., and a quarter } oz., find
how many of each kind of the coins he has.

20. A man has $22 worth of silver in half-dollars, quarters, and
dimes. He has in all 70 coins. If he changed the half-dollars for
dimes and the quarters for half-dollars, he would then have 180
coins. How many of each had he at first ?

21. Divide $100 between 3 men, 6 women, 4 boys, and 3 girls,
80 that each man shall have as much as a woman and a girl, each
woman as much as a boy and a girl, and each boy half as much as
a man and a girl.

29, If 17 lbs. of sugar and 5 Ibs. of coffee cost $2.50, and 10

1bs. of sugar and 10 Ibs. of coffee cost $3.80, find the cost per Ib. of
sugar and coffee.

23. The value of a number of coins consisting of dollars and
half-dollars amounts to $22.50 ; the number of dollars exceeds five
times the number of half-dollars by 6. Find the number of each.

24, A sum of $23.80 is divided among 11 men and 16 women;
the same sum could have been divided among 19 men and 6 women.
Find how much each man and woman receives.

26, Two articles 4 and B are sold for 20 cents and 30 cents
per 1b. respectively ; a person spends $6.560 in buying such articles.
If he had bought half as much again of 4 and one-third as much
ha.ga.ml') og B, he would have spent $9.00. What weight of each did

e buy




CHAPTER XV.

INVOLUTION.

112. DeriviTioN. Involution is the general name for multi
glyin an expression by itself so as to find its second, third
ourth, or any other power. '

Involution may always be effected by actual multiplication.
Here, however, we shall give some rules for writing down at
once :

(1) any power of a simple expression ;
(2) the square and cube of any binomial ;
(3) the square of any multinomial.

113. It is evident from the Rule of Signs that

(1) no even power of any quantity can be negative ;

(2) any odd power of a quantity will have the same sign as
the quantity itself.

Note. Itis eeﬁecin.lly worthy of remark that the square of every
expression, whether positive or negative, is positive.

114, From definition we have, by the rules of multiplication,
(a?)3=d?. a*. a?=qa**+?*?=qf.
(-3 =(-a2%-2%)=23+3=25.
(~ = (- a)(—a)(—a") = — as*5+6= —a,
(- 3ad)t=(-3)Yad)t=81a",
Hence we obtain a rule for raising a simple expression to any
proposed power.
Rule. (1) Raise the coefficient to the required power by Arith-
metic, and prefix the proper sign found by the Rule of Signs.
(2) Multiply the index of every factor of the expression by the
exponent of the power required.
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Ezamples. (-222)8 =—3241, -
( - 3ab%)8 = 720ab18,
2ab*\¢ _ 16a%h!?
(3?1/) T Bl

It will be seen that in the last case the numerator and the denomi-
nator are operated upon separately.

EXAMPLES XV. a.

‘Write down the square of each of the following expressions :

1.  a%. 2. 38ac, 3. bayt 4, 6b%2
5. 4a%c. 6. —3z%S T. -2a%c. 8, -3dzt
al 2228 3a® 5
9. b?‘ 10. ——y‘—~ 11. Zb—,. 12; - mg.
_8p’® m*n8 _ 1 _3pg*rs
130' _3—' 14Q W' 15! 4x2yz,' 16. m
'rite down the cube of each of the following expressions :
17. 2=z 18. 3ab% 19, 422 20. -3a?%.
21, -4a% 28, -b%d 23. -6y 24. -4p¢"
1 2 322 2
B gz % g 2Mo-pn 8 5

Write down the value of each of the following expressions :

20, (@ 80, (-a%)% 8L - (-2m. 82, (-2
8. (L) s (-gg_’yf)‘. . (-%). 8 (-Z)
To Square a Binomial.

115, By multiplication we have
(a+b)*=(a+b)(a+b)
N T .
(a—b)*=(a—b)(a—b)
=a?-2ab+b% .........0000nne ).
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These formule may be enunciated verbally as follows :

- Rule 1, The square of the sum of two quantities s equal to
the sum of their squares increased by twice their product.

Rule 2. T%e square of the difference of two quantities is equal
to the sum of their squares dintinished by twice their product.
Exzample 1. (x+2)2 =22+2. 2. 2y+(2y)?
= 2%+ 4y + 45,
Ezample 2. (2a5—8b%)2=(2a%)2—2 . 243 . 3b2+ (3b2)2
=4a%—12a%b2+ 9bt.

To Square a Multinomial.
116. By the preceding article
(a+b+e)={(a+8)+cp

=(a+5)2+2(a+b)c+c?

=a%+ b2+ c2+2ab 4 2ac + 2be.
In the same way we may prove

(a—b+cy=a’+b*+ ¢ —2ab+2ac— 2be.
(a+b+c+d)2=a’+b%++d*+ 2ab+ 2ac+ 2ad + 2be+ 2bd + 2cd.

In each of these instances we observe that the square con-
sists of

(1) the sum of the squares of the several terms of the given
expression ;

(2) twice the sum of the products two and two of the several
terms, taken with their proper signs ;. that is, in each product
the sign is + or — according as the quantities composing it
have like or unlike signs.

Note. The square terms are always positive.

The same laws hold whatever be the number of terms in the
expression to be squared.

Rule. 70 find the square of any multinomial: to the sum of
the squares of the several terms add twice the %oduct (with the
proper sign) of each term into each of the terms that follow .

Er.l. (z-2y-3)=2'+42+92-2.2.2y-2.2.32+2.2y.32

=23 +4y? + 922 - doy - 622+ 12y2.

Ex. 2 (1+2z-322=1+422+924+2.1.22-2.1.323-2.2¢,32%

=1+42"+ 924 + 4z - 627 - 1223
=144z - 22% — 1225+ 9z4,
by collecting like terms and rearranging.
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EXAMPLES XV. b,
Write down the square of each of the following expressions :
1. z+2y. 2. z-2y. 3. a+3b. 4, 2a-3b.
6. 3a+b. 8. z-5y. 7. 2m+7n. 8, 9-=
9, 2-ab. 10, abec+1. 11, ab-cd. 12, 2ab+ay.
13, 1-2% 14, 3+2pq. 15, z*-3z. 16. 2a+abd.

17, a+b-ec. 18, a-b-c. 19, 2a+b+e.
20, 2z-y-z. 21, z+3y-2z. 22, 2*+z+1.
23, 3z+2-gq. 24, 1-2z-322 25, 2-3z+a

26, z+y+a-b. 27. m—n+p—q. 28, 2a+3b+z-2y.

To Cube a Binomial.

117. By actual multiplication, we have
(a+bdy=(a+b)a+b)(a+bd)
=a*+3a%b+3ab?+b%
Also (a—b)>=a®—3a’b+3ab? - bS.
By observing the law of formation of the terms in these
results we can write down the cube of any binomial.
Ezamplel.  (2z+y)® = (22)*+ 3(22)%y + 3(2z)* + ¥
= 82% + 122% + 62y® + 3>

Ezample 2. (3z - 2% = (3z) - 3(32)42a%) + 3(32)(2a%)? - (2a%)*
= 2723 - 5423a? + 36zat ~ 8al,

EXAMPLES XV. c.
Write down the cube of each of the following expressions s

1. »+gq. 2, m-n 3. a-2b 4, 2+d.
6. z+3y. 6., z+y= 7. 2zy-1. 8. ba+2.
9, 2*~1 10, 2°+y% 11, 20830 13, 44*-3.
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EvoLuTION.

118, DerinitioN. The root of ang Eroposed expression is
that quantity which being multiplied by itself the requisite
number of times produces the given expression.

The operation of finding the root is called Evolution: it is
the reverse of Involution.

119, By the Rule of Signs we see that

(1) any even root of a positive quantity may be either positive
or negative ;

(2) mo negative quantity can have an even root ;

(3) every odd root of a quantity has the same sign as the
quantity itself.

Note. It is especially worthy of remark that every positive
quantity has two square roots equal in magnitude, but opposite
in sign.

Example. 92228 = + 3azs,

In the present chapter, however, we shall confine our attention to
the positive root.

Ezxamples. Na®h* = a?h?, because (a%h?)? = a®ht.
N =2% = - 23, because (- %) = - 2%

R/c® = ¢4, because (c!)® = ¢,
4/8121 = 323, because (323)¢ = 81213,

120, From the foregoing examples we may deduce a general
rule for extracting any proposed root of a simple expression :

Rule. (1) Find the root of the coefficient by Arithmetic, and
prefix the proper sign.

(2) Divide the exponent of every factor of the expression by the
index of the proposed root.

Examples. N —6428=-4a3,
V16a8=2a32,
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EXAMPLES XVI a.

Write down the square root of each of the following expressions :

1. 9% 2, 25a%*. 3, 49c%d°, 4, a%’cts,
b. 362%™, 6. 16a° 1. =y 8. 9p°¢"
36

o & 100% 1 ¥ o4
Write down the cube root of each of the following expressions :
1 =% 18 S0 e, 1B g MW
Write down the value of each of the following expressions ;

21, Wayh 22, Wa¥ai 23, V-2%y®.
24, %6ia®. 25, WaTp, 26, Vp'q¥.
27, N —a%y®, 98, V8IriyE 29, %3228,

121. By the formul® in Art. 115 we are able to write down
the square of any binomial.

Thus (27 +3y)* =422+ 122y + 99>

Conversely, by observing the form of the terms of an expres-
sion, it may sometimes be recognised as a complete square, and
its square root written down at once.

Ezxample 1. Find the square root of 252% ~ 40zy + 1637

The expression = (5z)2 - 2 . 20zy + (4y)?
= (5)% - 2(5x)(4y) + (4y)*

= (bz - 4y)*.
Thus the required square root is 5z - 4y.
. 64a%, .  32a
Ezxample 2. Find the square root of o +'t+—3—b .
. (8a)\? 3 (l&z)
The expression = (55) +(2)2+2 T

3
(B
=(82 9\’
= (@ +2) .

Thus the required square root is gg+2.
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122. When the square root cannot be easily determined by
inspection we must have recourse to the rule explained in the
next article, which is quite general, and applicable to all cases.
But the student is advised, here and elsewhere, to employ methods
of inspection in preference to rules.

To Find the Square Root of a Compound Expression.

123. Since the square of a+b is a?+2ab+ 5% we have to dis-
cover a process by which a and b, the terms of the root, can be
found when %+ 2ab+052 is given.

The first term, g, is the square root of a2

Arrange the terms according to powers of ome letter a.
The first term is a? and its square root is a. Set this down as
the first term of the required root. Subtract a? from the given
expression and the remainder is 2ab + b2 or (2a+b) x b.

Now the first term 2ab of the remainder is the product of
2a and b. Thus to obtain b we divide the first term of the
remainder by the double of the term already found ; if we add
this new term to 2a we obtain the complete divisor 2a+b.

The work may be arranged as follows :

a?+2ab+ b2 (a+bd
a?

2a+b 2ab+b?
2ab + b2
Example Find the square root of 923 - 42y + 49y

92 - 42xy + 49y ( 3z - Ty
9a?

6z-Ty |-42zy+49y°
|-42xy+49y’

Explanation. The square root of 922 is 3z, and this is the first
term of the root.

By doubling this we ootain 6z, which is the first term of the
divisor. Divide - 42zy, the first term of the remainder, by 6z and
we get — 7y, the new term in the root, which has to be annexed both
to the root and divisor, Next multiply the complete divisor by — 7y
and subtract the result from the first remainder. There is now no
remainder and the root has heen found.
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124, The rule can be extended so as to find the square root of
any multinomial. The first two terms of the root will be
obtained as before. When we have brought down the second
remazinder, the first of the new divisor is obtained by
doubling the terms of the root already found. We then divide
the first term of the remainder by the first term of the new
divisor, and set down the result as the next term in the root
and in the divisor. We next multiply the complete divisor by
the last term of the root and subtract the product from the
last remainder. If there is now no remainder the root has
been found ; if there is a remainder we continue the process.

Example. Find the square root of
25202 — 122a® + 1624 + 4a¢ - 242°a.

Rearrange in descending powers of z.
16z* - 242%a + 252%3 - 122a® + 4a4 ( 422 - 3za + 242
1624

82 - 3xza - 242%a + 252%a?
-242%a+ 9z°a?

823 - 6za + 2a? 162%a2 — 12za3 + 4a4
16222 — 12za3 + 4a*

Ezxplanation. When we have obtained two terms in the root,

4x? - 3za, we have a remainder
1622032 - 12za3 + 4at,

Double the terms of the root already found and place the result,
823 — 6za, as the first part of the divisor. Divide 162%a3, the first
term of the remainder, by 823, the first term of the divisor; we get
+2a? which we annex both to the root and divisor. Now multiply
the complete divisor by 2a® and subtract. There is no remainder
and the root is found.

125. Sometimes the following method may be used.

Example. Find by inspection the square root of
4a?+ b2+ ¢+ 4ab — 4ac - 2bc.
Arrange the terms in descending powers of a, and let the othen
letters be arranged alphabetically ; then
the expression = 4a?+ 4ab — 4ac+ b* - 2bc + ¢*
=4a?+4ab-c)+(b-c)?
=(2a)*+2. 2a(b-c)+(b-c)?;
whence tke square root is 2a+(b—¢). [Art. 121.)
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EXAMPLES XVL b.

By inspection or otherwise, find the square root of each of the
followmg expressions :

1,

© A ®

11,

13.
14,
15,
16.
17,
18,
19,
20.

21,
22,

23.

24,
25.
26.

2T.
28.

a%-8a+16. 2, 23+14x+49.

64 4+ 482+ 923, 4 25-30m+9md.
36nt — S4n? +49. 6. 81+144y3+64y5.
a8 - 6atyizd + 9y 8. 4a?4-12ab3c5+9c.
1 9a? 24ac 16¢?
Zx’-3¢y’+9y°. 10. b’+ o d’
9a® _, 2507 1624 494

A = B 12, fop* 1ot IV

1624 - 3203 + 2422 - 82 + 1.

25 — 30a + 29a? - 12a3 + 4as.

9a’ - 12a® - 2a¢+4a%+1.

25p* — 30p® + 121 - 1012+ 66p.

823 +1+4at - 4.

201a? - 108a3 + 100 + 36a4 - 180a.

a?+ b3+ c? +2ab - 2ac — 2be.

Y23+ 2223 + 2% - 22%2 + 2xy*e - 2xyRd,
3a? 1

4- 9284+ 22 -7
at- 2a%+ ) +16

a?® dax  zt ax?
5 *3'*4*“’*‘3‘

9 311 9m
4
s+ +16 4 ~+3m3n.

9x‘+l44x’+l2ax’+4a’—"2z-‘-48ax.
28— 427 + 42+ 62° — 1424 + 423 + 923 - 62+ 1.
a3+ 962 4 ¢? - Bab + 6b¢c — 2ac.

mt omd .m? m
F-2—,+5—2-4—+4.
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[ If preferred, the remainder 6f this chapter may be postponed
and taken at a later stage. ]

To Find the Cube Root of a Compound Expression.

126. Since the cube of a+b is a®+3a%+3ab2+28, we have
to discover a process by which a and b, the terms of the root,
can be found when a3+ 3a2 +3ab?+ b3 is given.

The first term a is the cube root of a3

Arrange the terms according to powers of one letter @ ; then
the first term is a3 and its cube root a. Set this down as the
first term of the required root. Subtract a® from the given
expression and the remainder is

3a% +3ab?+ b or (3a’+ 3ab+ b%) x b.

Now the first term of the remainder is the product of 3a?
and b Thus to obtain & we divide the first term of the re-
mainder by three times the square of the term already found.

Having found b we can complete the divisor, which consists
of the following three terms : ‘

1. Three times the square of a, the term of the root already
found. i '

2. Three times the product of this first term @, and the new
term b.

3. The square of &.

The work may be arranged as follows :

a?+3a?b+3ab*+ b (a+b
ad
¥a)? =3a? 3a’b+ 3ab*+ b3
3xaxb=  +3ab
o = o2
3a?+3ab + b* 3a%b + 3ab?+ b°

Example 1. Find the cube root of 82— 36z'~’y;i-54xy‘3 - 275
823 - 36z + 54xy? - 27y (22 - 3y
823
3(2z)? = 1223 - 362% + 54xy? — 2743
3x2xx(-3y)= - 182y
(3= +op8
1227 - 182y +9y* | - 3622y + 5dxy? - 27y
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EXAMPLES XVL c.

Find the cube root of each of the following expressions :

1. a®+12a%+48a+64. 2, 823+12224+62+1.

3. 6423 - 1442%+108z-27. 4, 8pS-36p*+54p*-21.
5, m3—18m?+108m — 216. 6. 28+ 6xiy?+122%4 4+ 8y,
7. 1-3c+6¢2—7c*+6ch - 3c5+cS.

8. 8+ 36m +66m?+63m3+ 33m4 + 9m® + m8,

9, 216 - 108k + 342k — 1094° + 1714 — 27k° + 2745,

10, 4845+ 108y + 604 — 90y - 27 + 8y — 80y/°.

11, 64+ 192k + 2403+ 160%° + 60k + 1245 + £5.

12, 8- 62% - 3x% + 12232+ 122yz + 3272 — 8% — 12y% - By22 - 23
[For additional examples see Elementary Algebra.)]

127, The ordinary rules for extracting square and cube roots
in Arithmetic are based upon the algebraical methods explained
in the present chapter. The following example is given to
illustrate the arithmetical process.

Example. Find the cube root of 614125,

Since 614125 lies between 512000 and 729000, that is between
(80)% and (90)3, its cube root lies between 80 and 90 and therefore
consists of two figures.
: a+b
614125 ( 80+5=85
512000

3a?= 3x (80)? = 19200 | 102125
3xaxb=3x80x5= 1200
b= bxb= 25

20425 | 102125

In Arithmetic the ciphers are usually omitted, and there are
other modifications of the algebraical rules,



CHAPTER XVIL

RESOLUTION INTO FACTORS.

128, DeriNiTION. When an algebraical expression is the
product of two or more expressions each of these latter quanti-
ties is called a factor of it, and the determination of these
?mmtities is called the resolution of the expression into its
actors.

In this chapter we shall explain the principal rules by which
the resolution of expressions into their component factors may
be effected. '

Expressions in which Each Term is divisible by a Common
Factor.

129. Such expressions may be simplified by dividing each
term separately by this factor, and enclosing the quotient within
brackets ; the common factor being placed outside as a coefficient.

Example 1. The terms of the expression 3a2 - 6ab have a common
factor 3a ;
3a3 - Bab = 3a(a - 2b).
Ezample 2. 5a%a® - 15aba? - 200322 = 5ba*(a’x — 3a — 453).

EXAMPLES XVIL a.

Resolve into factors:
1, 2%+ax. 2. 2a%-3a. 3. a*-al 4, a¥-a?.
6., 3m*-6mn. 6, p*+2p%. 7. a®-5x2 8., P+ay.
9, ba?-25a%. 10, 12z +48x%. 11, 10c3-25ctd.
12, 27-162x. 13, z’y%*+3zy. 14, 1722-5lz.
16, 2a*-a’+a. 16, 3z®+6a%?-3a’x.
17, 7p2-Tp*+14p% 18, 4°+6a%® - 253,

19, 2% -2%*+22y. 20, 260%+39a%3,
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Expressions in which the Terms can be so grouped as to
contain a Compound Factor that is Common.
130. The method is shown in the following examples.

Example 1. Resolve into factors 22—ax+ bx—ab.
Since the first two terms contain a common factor z, and the
last two terms a common factor b, we have
22 - ax + bz - ab = (23— ax) + (bz - ab)
=z(z-a)+b(z-a)
= (z - a) taken « times plus (z - a) taken b times
= (z — a) taken (z+b) times
= (z-a)(z+Dd).
Ezample 2. Resolve into factors 62 — 9ax + 4bx — 6ab.
622~ 9az + 4bz - Bab = (62? - 9az) + (4bz - 6ab)
= 32(2x - 3a) + 2b(2z — 3a)
= (2z - 3a)(3z + 2b).
Example 3. Resolve into factors 12a?+ bx? — 4ab - 3az?
1202 + bz2 - dab - 3az? = (12a2 - 4ab) — (3az3 - ba?)
=4a(3a - b) - 2%3a - b)
= (3a - b)(4a — 22).

EXAMPLES XVII. b.

Resolve into factors :

1, 2+zy+az+ye. 2, 2-zzitzy-yz.

3. a*+2a+ab+2b. 4, a’+ac+4a+4c.

b, 2a+2x+ax+2 -6, 3¢q-3p+pg-p*

7. am-bm-an+bn. 8, ab-by-ay+yi

9, pgtgqr-pr-ni. 10, 2mz+nz+2my +ny.
11. ax-2ay- bz +2by. 12, 242+ 3ab-2ac - 3be.
13, act+b+bc*+a. 14. ac?®-2a - bc?+2b.
15. a*-a*+a-1. 16, 22°+3+2z+32%
17. a%x—aby+2ax—2by. 18, axy+bexy—az—bez.

Trinomial Expressions.

131. In Chap. v. Art. 48 attention has been drawn to the
way in which, in forming the product of two binomials, the
coeflicients of the different terms combine 8o as to give a trino-
mial result.
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Thus (+5)(x+3)=a2+82+15...ccc0uuvrennnnnnnnn. (1),
Z—5 x—38)=22—82415..ceuverinnnnnnans (2),
2+5)r—3)=22+2r—15...ccvrreeenn 3),
25Xz +3)=22—22—15..rerrrrrrnnnnne 4).

‘We now propose to consider the converse problem : namely,
the resolution of a trinomial expression, similar to those which
occur on the right-hand side of the above identities, into its
component binomial factors.

By examining the above results, we notice that :

1. The first term of both the factors is z.

2. The product of the second terms of the two factors is
equal to the third term of the trinomial ; e.g. in (2) above we
see that 15 is the product of —5 and —3; and in (3) we see
that -15 is the product of +5 and -3.

3. The algebraic sum of the second terms of the two factors
is equal to the coeflicient of # in the trinomial ; e.g. in (4) the
sum of —5 and +3 gives —2, the coefficient of z in the tri-
nomial.

The application of these laws will be easily understood from
the following examples.

Ezapmple 1. Resolve into factors 22+ 11z +24.

The sccond terms of the factors must be such that their product
is ‘;-24é'a.nd their sum +11. It is clear that they must be +8
and +

22+ 112+24 = (x +8)(z +3).
Example 2. Resolve into factors 22 - 10z + 24.
The second terms of the factors must be such that their product

is +24, and their sum -10. Hence they must both be negative, and
it is easy to see that they must be -6 and - 4.

22-10x+24 = (z - 6)(x - 4).

Example 3. 2?-18z+81 = (2 -9)(z-9)
=(z-9)3
Ezample 4. 24+ 1022 +25 = (22 +5)(22+5)
= (224 5)%

Example 5. Resolve into factors 22 - 11az + 10a2.
The second terms of the factors must be such that their product
is +10a? and their sum —1la. Hence they must be —10a and —a.
23 - 1laz +10a® = (z - 10a)(z - a).
Note. In examples of this kind the student should always verify

his results, by formin%l the product (mentally, as explained in
Chap. v.) of the factors he has chosen.
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EXAMPLES XVIL c.

Resolve into factors :

1. 22+3z+2 2. y'+5y+6. 3. ¥+Ty+12
4, a®-3a+2 b, a?-6a+8. 6, %-5b+6.
7. 5*+13b+42, 8, b2-13b+40. 9, 22-132+36.

10, =2?-152+56. 11, 2%-15z+54. 12, 22+15z+44.
13, 52-12b+36. 14, a®+15a+56. 16. a®-12a+27.
16, 2*+9z+20. 17, 2?-10z+9. 18, 22-16x+64.
19, 3?-23y+102. 20, y®-24y+95. 21, 1+54y+729.
22, a*+10ab+218%. 23, a?+12ab+118. 24, a®-23ab+132b%
25, mA+8m3+7. 26, m*+9m*:nd+14nt. 27, 6-5x+23

98, 54-15a+a% 29, 13+14y+1> 30, 216-35a+a?

132, Next consider a case where the third term of the tri-
nomial is negative.

Lxample 1. Resolve into factors 2+ 22— 35.

The second terms of the factors must be such that their product
is —35, and their algebraical sum +2. Hence they must have
opposite signs, and the greater of them must be positive in order
. to give its sign to their sum.

The required terms are therefore +7 and -5.
22 +2x-35 = (x+7)(z - 5).

Example 2. Resolve into factors 23 -3z - 54,

The second terms of the factors must be such that their product
is -54, and their algebraical sum -3. Hence they must have
opposite signs, and the greater of them must be negative in order
to give its sign to their sum.

The required terms are therefore —9 and +86.

. «3-3z-564=(z-9)z+6).

Remembering that in these cases the numerical quantities
must have opposite signs, if preferred, the following method may
be adopted.

Ezample 3. Resolve into factors z%*+ 232y - 420.

Find two numbers whose product is 420, and whose difference is
23. These are 35 and 12; hence inserting the signs so that the
positive may predominate, we have

2%+ 23zy - 420 = (zy + 35)(xy - 12).
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. EXAMPLES XVII. d.
Resolve into factors :

1, 2*+=z-2 2, 22-z-6. 3., 22-2-20.
4, y+ay-12. 6. y*+4y-2L 6. ¥*-5y-36.
7. a*+8a-33. 8. a?-13a-30. 9, a*+a-132.
10, 52-12b-45. 11, b*+14b-51. 12. 5*+10b-39.
13, m?*-m-56. 14, m3-5m-84 15, m?*+m-56.

16, »*-8p-65. 17. »*+3p-108. 18, »*+p-110.
19, 23+2x-48. 20, 22-7z-120. 21, 22-z-132
22, y*+13y2-48. 23, YP+4xy-9623. 24, 2 +Txy-—982%
26, at+a%3-T72b4 26, a®+ab - 24002 27. 14-5a-a3
28, 35-2b-b3, 20, 96-4b-02 30, 72+b-%%

133. We proceed now to the resolution into factors of tri-
nomial expressions when the coefficient of the highest power is
not unity.

Again, referring to Chap. v. Art. 48, we may write down the
following results :

(32 +2Xz+4)=323+142+8..cvcvererernnne. ),
(32— 2X2—4)=32"—142+8....ceeven.. @,
(32+2)(7—4)=322—102—=8.....c0rerern.nn.(3),
(3z—2)(x+4)=32"+102—8............ veeeen(4).

The converse problem presents more difficulty than the cases
we have yet considered.

Before endeavouring to give a general method of procedure
it will be worth while to examine in detail two of the identities
given above.

Consider the result 32%— 14z + 8= (3z—2)(x —4).
The first term 32? is the product of 3z and .
The third term +8.........ccvuuuennene —2and —-4.

The middle term —14z is the result of adding together the
two products 3zx —4 and 2x —2.

Again, consider the result 322 —102—8=(3z+2)zr—4).
The first term 322 is the product of 3z and .
The third term —8......cccceevveueenes +2and -4

The middle term —10z is the result of adding together the
two products 3z x —4 and #x 2 ; and its sign is negative because
the greater of these two products is negative.
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134, The beginner will frequently find that it is not easy
to select the proper factors at the first trial. Practice alone will
enable him to detect at a glance whether any pair he has chosen
will combine so as to give the correct coefficients of the expres-
sion to be resolved.

Ezxample. Resolve into factors 723 -19z - 6.

Write down (7z 38)(z 2) for a first trial, noticing that 3 and 2
must have opposite signs. These factors give 7x? and -6 for the
first and third terms. But since 7x2-3x1=11, the combination
fails to give the correct coefficient of the middle term.

Next try (72 2)(xz 3).

Since 7x3-2x1=19, these factors will be correct if we insert
the signs so that the negative shall predominate,

Thus 722 - 192 - 6 = (T2 +2)(x - 3).

[Verify by mental multiplication. ]

135, In actual work it will not be necessary to put down
all these steps at length. The student will soon find that the
different cases may be rapidly reviewed, and the unsuitable
combinations rejected at once.

It is especially important to pay attention to the two follow-
ing hints :

1. If the third term of the trinomial is positive, then the
second terms of its factors have both the same sign, and this
sign is the same as that of the middle term of the trinomial.

2. If the third term of the trinomial is negative, then the
second terms of its factors have opposite signs.

Example 1. Resolve into factors 142%+ 29z - 15

In each case we may write down (7= 3)(2z 5) as a first trial,
noticing that 3 and 5 must have opposite signs.

And since 7 x 5 — 3 x 2=29, we have only now to insert the proper
signs in each factor.

In (1) the positive sign must predominate,

in (2) the negative.......ccceeverrunveennnnnins

Therefore 1423 + 292 - 15 = (7T - 3)(22 + 5).
14232 - 292 - 16 =(7z + 3)(2z ~ 5).
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Ezample 2. Resolve into factors 523+ 172 +6.......ccccuveeenee.e. 1),
. 523 = 17246 e oueecereenennncs @
In (1) we notice that the factors which give 6 are both positive.
I (2)eeeeeiiiiiiiiii e e et negative.
And therefore for (1) we may write (52+ )z+ ).
(] S 5z- )z- )

And, since 5 x3+1x 2 = 17, we sée that
522+ 172+ 6 = (52 +2)(z + 3).
522~ 172+ 6 = (52— 2)(z - 3).
Note. In each expression the third term 6 also admits of factors

6 and 1; but this is one of the cases referred to above which the
student would reject at once as unsuitable.

EXAMPLES XVII e.

Resolve into factors :

1. 2a*+3a+1. 2. 3a*+4a+l. 3. 4a*+5a+l.
4, 24%*+5a+2. 6, 3a%2+10a+3. 6. 2a%+7a+3.
7. 5a*+7a+2. 8. 2a%+9a+10. 9, 2a’+7a+86.
10, 22%+9zx+4. 11, 222+5z-3. 12, 32?+5x-2
13, 3y*+y-2 14, 3y*-Ty-6. 16, 2y*+9y-5.

16, 25*-55-3. 17, 65*+76-3. 18, 2b*+b-15.
19, 4m*+5m-6. 20, 4m?-4m-3. 21, 6m?-Tm-3.
22, 4x-8zy-5y%. 23, 627-Tzy+2y%. 24, 6z°-13zy+2%
95. 12a-17ab+6b%. 96, 6a?-5ab-6b%. 27, Ga?+35ab— 643,
98, 2-3y-22. 99, 3+23y-8% 30, 8+18y-5yd.
3l 4+17z-152% 32, 6-13a+6a’. 33, 28-31b-5b%

‘When an Expression is the Difference of Two Squares.
136. By multiplying a+b by a—b we obtain the identity
(a+bd)(a—bd)=a2-0?%

a result which may be verbally expressed as follows:

The product of the sum and the difference of any two quantities
18 equal to the difference of their squares.

Conversely, the difference of the squares of any two quantities
is equal to the product of the sum and the difference of the two
quantities. )

Thus any expression which is the difference of two squares
may at once be resolved into factors.
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Example. Resolve into factors 2523 - 16332,
2522 - 16y2 = (52)2 - (4y)>
Therefore the first factor is the sum of 6z and 4y,
and the second factor is the difference of 5z and 4y.
25232 - 16y? = (52 + 4y)(5x - 4y).
The intermediate steps may usually be omitted.
Example. 1-49¢% = (1 +7c%)(1 - 7c3).
The difference of the squares of two numerical quantities is
sometimes conveniently found by the aid of the formula
a?—b*=(a +b)(a—b).
Example. (329)* - (171)% = (329 +171)(320 - 171)
= 500 x 158
= 79000.

EXAMPLES XVII. f£.

Resolve into factors :
1. a*-9. 9. a?-49. 3. a?-8l. 4, a?-100.
b, 23-25. 6. 2-144. 7. 64-22 8., 81-422
9. 4°-1. 10, #*-9%% 11, 42-25. 12, 9y?-d49z>

13, 4m?-8l. 14, 36a%-1. 16, **-642

16, 9a?-25b% 17, 121-1652 18, 121 - 3623,

19, 25-¢ 20, a%?-2%2 21, 49a*—100b%

22, 64x-4922 23, 4p%?2-8l. 24, a'bic?-9.

25, 2%-4at 26, z*-254. 27, al-pigt.

28. 16a'0- 90 29, 25z2-4, 30, a®bsct- 922
Find by factors the value of

31, (39)*-(31)% 32, (51)*-(49)% 33. (1001)*-1.
34, (82)-(18)% 36, (275)°-(225)%. 36, (936)°-(64)%

‘When an Expression is the Sum or Difference of Two Cubes.
137. If we divide a3+b8 by a+b the quotient is a?—ab+52;
and if we divide a®—b® by a—b the quotient is a2+ ab+ 52

We have therefore the following identities:
a®+b3=(a+b)(a?—adb+8?);
ad—b3=(a—>b)(a%+adb+b?).

These results enable us to resolve into factors any expression

which can be written as the sum or the difference of two cubes.
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Ezxample 1. 823 - 2748 = (22)% - (3y)®
= (2 — 3y)(422 + Bzy + 9y?).
Note. The middle term 6zy is the product of 2z and 3y.

Example 2. 64a®+1 = (4a)®+(1)®
= (4a+1)(16a2—da +1).

We may usually omit the intermediate step and write down
the factors at once.

Examples. 343a® 2723 = (7a? - 3z)(49a* + 21 a3z + 923),
829+ 729 = (223 + 9)(4x% — 1823+ 81).

EXAMPLES XVIL g.

Resolve into factors:

1, as-%5 2, ad+b5 3, 1423 4, 1-4
5. 8a3+1. 6. 2°-82. 7. a3+278. 8, 2M-1.
9, 1-8* 10, b-8. 11, 27+2% 12, 64-p
13, 125a%+1. 14, 216-0 16, 2%°+343.
16, 1000a3+1. 17, 512a3-1. 18, ab%2-27.
19, 82%-343. 20, *+2164% 21, 2%-2755

22, m3-1000n", 23, a%-7200% 24, 125a8+51205.

138, We shall now give some harder applications of the
foreioing rules, followed by a miscellaneous exercise in which
all the processes of this chapter will be illustrated.

Example 1. Resolve into factors (a +2b)2 - 1623,

The sum of a +2b and 4z is a +2b + 4z,
and their difference is a+2b - 4z.

(a+2b)2 - 1622 = (a +2b + 4z)(a + 2b - 4x).

If the factors contain like terms they should be collected so
as to give the result in its simplest form.

Example 2. (3z+7Ty)?-(2x - 3y)?

= {3z +7y) + (22 - 3y)} {(3z+ Ty) - (22 - 3y)}
= (3z+ Ty +2x - 3y)(3z + Ty — 22+ 3y)
= (52 +4y)(z +10y).
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139. By suitably grouping together the terms, compound
expressions can often be expressed as the difference of two
squares, and so be resolved into factors.

Ezxample 1. Resolve into factors 9a2 - ¢3 +4cz — 423,
9a? - o + dox — 42° = 9a? — (¢ — ez + 42?)
= (3a)? - (¢ - 22)?
= (3a +c¢-2z)(3a — c+22).

Ezample 2. Resolve into factors 2bd — a? — ¢+ b3+ d? + 2ac.

Here the terms 2bd and 2ac suggest the proper preliminary
arrangement of the expression. Thus .

2bd - a? - ¢+ b% + d* + 2ac = b%+2bd + d? - a? + 2ac - c?
= b2+ 2bd + d? — (a3 - 2ac + ¢?)
=(b+dp-(a—c)?
=(b+d+a-c)b+d—-a+c)

140, The following case is important.
Example. Resolve into factors 24 + 2%y + 4.
2P +yt = (24 + 2% + o) - 2%
=@ +y°) - (zy)
= (@ +y +a2y)(® +y? - 2y)
= (@' +zy+y)(=* - 2y +y7).

141, Sometimes an expression may be resolved into more
than two factors.
Ezample 1. Resolve into factors 16a¢ - 8154,

16a* - 81b* = (4a2+ 9b°)(4a? — 9b?)
= (4a®+ 9b%)(2a + 3b)(2a - 3b).
Example 2. Resolve into factors 28— 15,
2 - 3f = (2 +1)(2* - o)
= (z+y)2* -2y + )2 - y)2*+ 2y +97).

Note. When an expression can be arranged either as the dif-
ference of two squares, or as the difference of two cubes, each of the
methods explained in Arts. 136, 137 will be applicable, It will,

however, be found simplest to first use the rule for resolving into
factors the difference of two squares,
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142, In all cases where an expression to be resolved contains
a simple factor common to each of its terms, this should be first
taken outside a bracket as explained in Art. 129.

Ezxample. Resolve into factors 28zty + 642%y — 602%y.

28ty + 642y — 602y = 422y (T2 + 162 - 15)
= 4a%y(12 - 5)(% +3).

1L

4,

7.
10.
12,
14,
16,
18,
20,
22,
24.
.21,
30,
33.
36.
38,
40.
43,
44,
46,
47,
49,
b1.
b63.

EXAMPLES XVII. h.

Resolve into two or more factors :

(x+y)?-22 2 (z-yP-22
(@+3c2-1. B, (2z-12-ad
da?— (b-1)2 8. 9-(a+z)
(18z+y)* - (17z - y)% 11,
402 - (2a - 3b)2. 13.
(x+y) - (m-n)% 15,
a? - 20z + 2 - 4b%. 17.
1-a?-2ab-083. 19,
3 -a?-b2+2ab, 21,
A+t -2 - at+22%2 - 20%2 23,
at+a?+1. ‘25, a'bt-16.
16a4H? - b8, 28, 64m7 — mnS.
a?b® - 81a”h. 31, 400a%x - 23,
216b% + a®b3. 34, 250z3+2.
ax® - ax? - 240az. 37.
m$ + 4m2n?p? + dnipt. 39.
62%y2 + 1522 - 36xy2 41,
98t — Ta2y? - oA 43,
23 -20%-x+2. 45,
a?xs — 8a2y® — 423 + 32b%°.

2p - 3¢ +4p® - 9¢”. 48,
2402b? - 30ab® - 36b4 60,
x4+ 423+ 16. 62,
at - 18a%b? + b4, 64,

3. (a+2b)2-c3
8. a*-(b+c)
9. (2a-3bp2-¢3
(6a 4 3)2 — (5a — 4)2
22— (2b-3c)2.
(3z +2y)2 - (22 - 3y).
22+ a®+ 2ax - 22
122y + 25 — 422 - 92,
22 -2x+1-m3—-4mn - 4nd,
(m+n+p):—(m-n+p)
28, 256z 81y
99, -yt
82, 1-72945.
365. 1029 - 323
acx®+bex — adx - bd.

8ty — 2,

2n.8n4 = Tmn8 — 408,
a??-a?-b2+1.
(a+bp+1.

119+ 10m — m2,
24022 + 24 — 21%8,
i+ yp - Tyl

28 +at+ 1.

[For additional examples see Elementary Algebra.]
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Converse Use of Factors.

143, The actual processes of multiplication and division can
often be partially or wholly avoided by a skilful use of factors.

It should be observed that the formule which the student
has seen exemplified in this chapter are just as useful in their
converse as in their direct application. Thus the formula for
resolving into factors the difference of two squares is equally
useful as enabling us to write down at once the product of the
sum and the difference of two quantities.

Example 1. Multiply 2a +3b-¢ by 2a-3b+e.
These expressions may be arranged thus:
2a+(3b - ¢) and 2a—(3b-c).
Hence the product = {2a + (3b - c)} {2a — (3b—c)}
= (2a)*- (3b-c)?
= 4a?— (9b% - Bbc + ¢?)
= 4a? - 9b?+ 6bc - %

Ezample 2. Find the product of
z+2, x-2, 22-2x+4, 22+ 22 +4.

; Tal;ing the first factor with the third, and the second with the
ourth,
the product = {(z +2)(2? - 2z + 4)} {(x — 2)(2?+ 22 +4)}

= (23+8)(z* - 8)

=2%-64.

Example 3. Divide the product of 223+2-6 and 6z?-5z+1
by 322+5xz-2.
Denoting the division by means of a fraction,

; sons — (222 +2 - 6)(62° -6z +1)
the required quotient = 31 52 =0

_ (22 - 3)(z+2)(3z - 1)(2z—1)
- Bz-1)x+2)
= (22 -3)(2z - 1),

by cancelling factors which are common to numerator and denomin-
ator.
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Example 4. Prove the identity

17(5z + 3a)? - 2(40z + 27a)(52 + 3a) = 2522 - 9a®.

Since each term of the first expression contains the factor 52+ 3a,
the first side = (52 + 3a){17(5z + 3a) — 2(40z + 27a)}

= (52 + 34)(852 + 514 — 80z - 54a)
= (52 + 3a)(5z - 3a)
= 2523 - 9a2.

EXAMPLES XVIL k.

Employ factors to obtain the product of

N oo

a-b+ec, a-b-c. 2, 2x-y+z, 2x+y+a
1422 -23% 1-22-22 4, A+3c+2, 2-3c-2.
a+b-c+d, a+b+c—d. 6. p-q+z-y, p-o-x+y.
a®—4a? + 8ab? - 803, a®+4a?b+ 8ab?+ 853,

Fiund the continued product of

8.

9.
10.
11,
12,
13.
14,
15.
18,

17,
18,

(@a-b), (a+b)3 (a?+0b%)3.

(1-2)p, (1+z)8 (1+22)3

a’-4a+3, a*-a-2, a®*+5a+6.

3-y, 3+y, 9-3y+y3 9+3y+y2

1+c+¢% 1—c+c3 1-c3+ch

Divide a%(a+2)(a®-a - 56) by a?+7a.

Divide the product of 22+2 -2 and 2?+42+3 by 22+5z+86.

Divide 3z%xz+4)(z?-9) by 2?+2-12.

Divi;ie 4%10 product of 2z?+1la-21 and 3a?-20a-7 by
a3 -49.

Divide (2a?-a - 3)(3a?-a -2) by 6a%-5a-6.

Divide 25-72%-8 by (z+1)(2?+2x+4).

Prove the following identities :

19,
20.
21,
22
23.

(a+b)® —(a - b)}(a+b) = 4ab(a +b).
A-dé-(c-d)p¥(c+d) = 2d(c?-d?).

(m —n)(m+n)® - mi+ n* = 2mn(m3 - n?).
(z+y)! - Bzy(z+y)? = (x+y)(=*+yP).
3ab(a - b)?+ (a - b)* = (a - b)(a® - b®).

H.A, H
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MISCELLANEOUS EXAMPLES IIL

1. Find the product of 1022 -12 - 32 and 2z -4+ 323,
‘2, Ifa=1,b=-1, ¢c=2 d=0, find the value of
a?-b2 bi-cd  B-b3
a’+b® 26%+cd  3abe”
3. Simplify 2[4z - {2y +(2z ~y) - (x+y)}].
4, Solve the equations :
z-3_2-z_1-2x, 3z -4y =25,
W === @ faroy.
5., Write down the square of 223 - z+5.
6. Find the H.C.F. and L.C.M. of 3a%b%, 12a%b%3, 15a%b%.

7. Divide at44b* by a2—2ab+2b2.

8. Find in dollars the price of 5k articles at 8a cents each.

9. Find the square root of a#— 823+ 2422 - 322+ 16.
10, If a=5, b=3, c=1, find the value of
(a- b)z+ (U c),+ (a=cp?

a+td  b+c  a+c’
5 _12_4% _l

11, Solve J72+5)-73=13 é(x 2).

12, A is twice as old as B; twenty years ago he was three
times as old. Find their ages.

13. Simplify (1 -2z) - {3 - (4 - 52)} +{6 — (7 - 8x)}.
14. The product of two expressions is
624 + by + 6% + 5y + 6y,
and one of them is 222+ 3xy + 2y ; find the other.

15, How old is a boy who 2x years ago was half as old as his
father now aged 40 ?

16. Find thelowest common multiple of 2a?, 3ab, 5a’bc, 6ab?c, Ta?h.
17. Find the factors of
(1) 2®-=zy-T724% (2) 62%-132+6.
18, Find two numbers which differ by 11, and such that one-
third of the greater exceeds one-fourth of the less by 7.
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Ifa=1,b=-1, ¢=2, d=0, find the value of
a+b c+d ad—be _c2-d?
a-b c—d bdtac ar+b¥

Rt A RLS)

21, Solve the equations :
(1) (32-8)(3z+2)-(4z-11)2z+1) = (- 3)(z+7);

@ "‘_3’+“Ty=3:l, x+y—5=?(y-x).
99, A train which travels at the rate of p miles an hour takes
q hours between two stations; what will be the rate of a train
which takes » hours?
23, Find the sum of
3 _1 _1_12_( _l_)!_l
ia, gx,l 2,§a: 2a 2,3x 4a.
24, Resolve into factors
(1) 1222 +az-20al; (2) a%*-16-6ax+9x3

19,

25, Solve
(1) z+1+2(x+3)=4(x+5);
@) 4z+9y=12, 6z-3y="1. _
. —z+ N3 23 __1
26, Find the value of 2032 - 2 when z = 3
27. Find the quotient when the product of #+c® and H*-c®

is divided by b - 2b% + 2bc? -

28, 4, B, and C have 8168 between them ; A’s share is greater
than B’s by $8, and C’s share is three-fourths of A’s. Find the
share of each.

29, Find the square root of 928 - 122° + 222 + 22 + 122 + 4.

30, Simplify by removing brackets a?—[(b - )2~ {c? - (a - b)?}j.



CHAPTER XVIIL

Hicrest CoMMON FACTOR.

144, DeriviTioN. The highest common factor of two or
more algebraical expressions is the expression of highest dimen-
sions which divides each of them without remainder.

Note. The term greatest common measure is sometimes used
instead of highest common factor ; but this usage is incorrect, for in
Algebra our object is to find the factor of highest dimensions which
is common to two or more expressions, and we are not concerned
with the numerical values of the expressions or their divisors. The
term greatest common measure ought to be confined solely to arith-
metical quantities, for it can easily be shown by trial that the
algebraical highest common factor is not always the greatest
common measure.

146, We have already explained how to write down bz
inspection the highest common factor of two or more sim,

- expressions. [See Chap. x11.] An analogous method will enable
us readily to find the highest common factor of compound ex+
pressions which are given as the product of factors, or which
can be easily resolved into factors.

« Example 1. Find the highest common factor of
4ca® and 2cad+ 4c%2

It will be easy to pick out the common factors if the expressions
are arranged as follows :
4ex® = 4c2d,

2ca8 + 4c2x? = 2cx? 2 +2c) 3
therefore the H.C.F. is 2cz3.
Example 2. Find the highest common factor of
3a?+9ab, ad - 9ab?, a®+6a +9abd
Resolving each expression into its factors, we have
3a?+9ab = 3a(a + 3b),
a® - 9ab? = a(a + 3b)(a - 3b),
a3+ 6a? +9ab? = a(a + 3b)(a + 3b) ;
therefore the H.C.F. is a(a+3b).
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146, When there are two or more expressions containin
different powers of the same compound factor, the student should
be ca.refuﬁ:’o notice that the hig}f:eost common factor must contain
the highest power of the compound factor which is common to
all the given expressions.

Ezxample 1. The highest common factor of
z(a - z)?, a(a-2z)}, and 2az(a-z)° is (a—x)3
Example 2. Find the highest common factor of
az® + 20z + a®, 2ax? - 40’z - 6a3, 3(ax+a3)d.
Resolving the expressions into factors, we have
ax? +2a%z + a® = a(x? + 2az + a?)

=a(z+a) ........ceuue cerereseeanenas (1),

2a23 - 4a3z - 6a® = 2a(2? - 2ax — 3a3)
=2a(x+a)( - 3a) ...coovrerennannne (2),
3(az+a?)? = 3{a(z+a)p? = 3a¥(z+a)? ............... cerreeens (3).

Therefore from (1), (2), (3), by inspection, the highest common
factor is a(z +a).

EXAMPLES XVIIL. a.
Find the highest common factor of

1 29-4 22-ay. 2. 3(a-b)', a?-2ab+b%

3, 34%-2a%, 3a?-2ab. 4, 9a?-4b% 6a?+4dab.

b, ct-cd?, ct-c2d? B8, 28—z 23yt +a%s

7. a*x¥a-z)%, 2a%¥a-z)3. 8, 222-82+8, (z-2)%

9, az+z, a'z+ax. 10, 2% -9, 2y®+y0 ay-yh
11, 2%+, 22+ay, 2ly+at 12, 2% -9 yi=y-9)°
13, (a?-ax)?, (az-22)3. 14, (abc-bc?)?, (a%c-ac?)?

15, 2%-2°-42z, x4-492%. 16, (a-522)% a°-8at+152%
17, o*-36a, a®+2?-48a. 18, 3a*+7a—6, 2a*+7a+3.
10, 222-9z+4, 322-Tx-20. 90, 3ct+5c3—-12c% 6c5+7c~20c%
91, 4m*-9m3, 6m®—5m? - 6m, 6ms+5m® - 6m3.
99, 30t - 8a%2d+4a%?, 3a%z? - 11a%d +6a%?,

3042 + 16a%2° - 12023,
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- 147, The highest common factor should always be determined
by inspection when Kssible, but it will sometimes happen that
expressions cannot readily resolved into factors. To find
the highest common factor in such cases, we adopt a method
analogous to that used in Arithmetic for finding the greatest
common measure of two or more numbers.

148, We shall now work out examples illustrative of the
algebraical process of finding the highest common factor; for
the proof o? the rules the reader may consult the Elementary
Algebra, Arts. 102, 103.  'We may here conveniently enunciate
two principles, which the student should bear in mind in reading
the examples which follow.

L Ifan ession _contain a certain factor, any multiple of
the ezprecaionemivin'ble by that factor. 2

IL. If two expressions have u common factor, it will divide
their sum and their difference ; and also the sum and the difference
of any multiples of them.

Ezxample. Find the highest common factor of
428 - 322 - 242 -9 and 82— 223 - 53z - 39.
x| 4a%-322-242-9 82% - 223 -53x-39 | 2

423 -- 522 - 21z 823 — 622 - 482 - 18
2x 22~ 3x-9 42—~ 5x-21|2
222 - 6z 42° - 62-18
3 3x-9 z—- 3
3z-9

Therefore the H.C.F. is - 3.

Eaxplanation. First arrange the given expressions according to
descending or ascending powers of 2. The expressions so arran
having their first terms of the same order, we take for divisor that
whose highest power has the smaller coefficient. Arrange the work
in parallel columns as above. When the first remainder 4z° - 5z - 21
is made the divisor we put the quotient z to the left of the dividend.
Again, when the second remainder 222—-3z -9 is in turn made the
divisor, the quotient 2 is placed to the right; and so on. As in
Arithmetic, ghe last divisor -3 is the highest common factor
required.

149, This method is only useful to determine the compound
factor of the highest common factor. Simple factors of the

iven expressions must be first removed from them, and the
ﬂghest common factor of these, if any, must be observed and
multiplied into the compound factor given by the rule.
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Ezample. Tind the highest common factor of
24t - 22% - 602 - 32 and 1824 - 623 - 3922 - 18z.
‘We have 2424 — 223 - 6022 — 322 = 22 (1223 — 22 - 30z — 16),
and 1824 ~ 623 - 3922 - 182 = 32 (623 — 223~ 13z - 6).

Also 2z and 3z have the common factor z. Removing the simple
factors 2 and 3z, and reserving their common factor z, we continue
as in Art. 148.

2z | 62%-222-132-6 1223 - 22-302-16 |2

623 -822—- 8z 1228 — 422 - 262 - 12
2 622— b6x-6 32— 4x- 4|z
622~ 8x-8 322+ 22
3z+2 - 6z- 4|-2
- 6z- 4

Therefore the H.C.F. is 2(3z +2).

160. So far the process of Arithmetic has been found exactl
applicable to the algebraical expressions we have considered.
But in many cases certain modifications of the arithmetical
method will be found necessary. These will be more clearly
understood if it is remembered that, at every stage of the work,
the remainder must contain as a factor of itself the highest
common factor we are seeking. [See Art. 148, I & IL.]

Ezxample 1. Find the highest common factor of
32 - 1322+ 232 - 21 and 62°+2? - 44z +21.

323-132%+232-21 | 62+ a?-44x+21|2
623 — 2622 + 46 — 42

272 -- 90z + 63

Here on making 272%-90z+ 63 a divisor, we find that it is not
contained in 3z® - 132?24 232 ~ 21 with an sntegral quotient. But
noticing that 2722 — 90z + 63 may be written in the form9(322-10z +7),
and also bearing in mind that every remainder in the course of the
work contains the H. C. F., we conclude that the H. C.F. we are
seeking is contained in 9(3x% - 102+ 7). But the two original expres-
sions have no simple factors, therefore their H. C. F. can have none,
We may therefore reject the factor 9 and go on with divisor
822~ 102 +17.
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Resuming the work, we have
z|32°-1822+23z-21 | 32*-10x+7 |z
32-1022+ Tz 3x2- Tz
-1 - 322+16x-21 - 3z+7(-1
- 322+10z- 7 - 3z+7
2)6z-14
3z- 7

Therefore the highest common factor is 3z - 7.

l)’lo'he factor 2 has been removed on the same grounds as the factor 9
above.

1561, Sometimes the process is more convenient when the
expressions are arranged in ascending powers.

Example. Find the highest common factor of
3-4a-16a3 - 9a®
and 4-7a-19a? - 8a3

As the expressions stand we cannot begin to divide one by the
other without using a fractional quotient. The difficulty may be
obviated by introducing a suitable factor, just as in the last case we
found it useful to remove a factor when we could no longer proceed
with the division in the ordinary way. The given expressions have
no common simple factor, hence their H.C.F. cannot be affected if
we multiply either of them by any simple factor.

Multiply (1) by 4 and use (2) as a divisor :

4- Ta- 19a3- 8a® 12-16a - 64a® - 36a® | 3
5 12 -2la - 5742 - 24a®
4(20-35a - 95a2- 40a® a|5a- 7a?-12a°
20 - 28a ~ 48a? 5—- Ta -12a% (5
- Ta- 47a%—~ 40ad 5+ 5a
-5 -122 -12a3 |- 12a
7a|  35a-+235a3+200a° -12a -122
35a - 49a2- 84ad
284a? | 28442 + 2844
l+a

Therefore the H.C.F. is 1 +a.
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After the first division the factor a is removed as explained in
Art. 150 ; then the factor 5 is introduced because the first term of
4-"7a-19a%-8a3 is not divisible by the first term of 5-7a - 12a%
At the next stage a factor -5 is introduced, and finally the factor
284a? is removed.

162, From the last two examples it appears that we may
multiply or divide either of the given expressions, or any of the
remainders which occur in the course of the work, by any factor
which does not divide both of the given expressions.

EXAMPLES XVIII. b.

Find the highest common factor of

1. 223+322+2+6, 223+ 22 +22+3.

. 28-9y2+9y -7, ¥* -5y +5y-4.

223 + 822 — 5z — 20, 62— 422152+ 10.
a3+3a?-16a+12, a®*+a?-10a+8.

623 —22-Tx -2, 223 -T22+2+6.

*-39+2, ¢*-5¢*+7q-3.

at+a3-2a%+a -3, 5a*+3a2-17a+6.

3yt - 3y® - 162 - 9y, 4y°— 16y — 44y — 2432

, 1524 — 1528+ 1023 — 10z, 30z°+ 12024+ 202° + 802,
10, 2m*+7Tm3+10m?+35m, 4m*+ 14m® - 4m? — 6m +28.
11, 8z%-92%+1222- 122, 623622 152 +6.

12, 2a°-4at-6a, a®+at-3a®-3a2

13, 23+422-22-15, 23-21x-36.

14, 9a'+2a%23+ 24, 3at - 8ax + 5a¥x? - 2azd,

16, 2-3a+5a2-2a3, 2~ 5a+8a2-3al,

16, 323- 523 - 1524 — 425, 6z - T2 - 2927 - 1224,

© OO P WD

[For additional examples see Elementary Algebra.]



CHAPTER XIX.
FrAcCTIONS.

163. THE principles explained in Chapter xvIiir. may now
be applied to the reduction and simplification of fractions.

Reduction to Lowest Terms.

164. Rule. The value of a fraction is not altered if we multi-
ply or divide the numerator and denominator by the same quantity.
An algebraical fraction may therefore be reduced to an equi-
valent fraction by dividing numerator and denominator by any
common factor; if this factor be the highest common factor,
the resulting fraction is said to be in its lowest terms.
24a’c22?
18a’z? — 12a%23
24a3c%x?
6az*(3u - 2x)
= 40c
3a -2z
A 622 - 8xy
Example 2. Reduce to lowest terms Say =127
. 2x(3x - 4y) _ 2
The expres: et el L=l
TPrOSSION = sy(3u—4y) "3y

Note. The beginner should be careful not to begin cancelling
until he has expressed both numerator and denominator in the most
convenient form, by resolution into factors where necessary.

Ezample 1. “Reduce to lowest terms

The expression =

EXAMPLES XIX, a.
Reduce to lowest terms :

322 2. a?-2a 3. 3ab + b2

L &y a¥=8aF Ba®+ 205
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Reduce to lowest terms :
8, 52w 5 - 6, 2y-8
* Baly+102% * Bxty - 2xy . 32%y+62
7 23+ 42 8 _ Ta’z-Talc 9 224+ 2-30
24 z-12 * bca? - 10c%x + 5¢% ‘523430z
(2a +b)? a’+ b 22 + 5cd — 3d?
10. 4a® —ab? 1L o® —ab-2b* 12. 3 +6cd+9d47°
22 —-4x-21 23 -22-15 223 +2-3
13. 327+ 10c+3 14. 3i-122-15" 16. 222 + 112 +12
303 - 24 423 - 25zy? 18a® + 6a% + 2a2?
16. da’+4a -2 17. 223 +zy — 15y 18. 27a5-25

165. When the factors of the numerator and denominator
cannot be determined by inspection, the fraction may be reduced
to its lowest terms by dividing both numerator and denomi-
nator by the highest common factor, which may be found by
the rules given in Chap. xvin

32 - 1322+ 232 - 21
1523 — 3822 - 22+ 21
The H.c.FP. of numerator and denominator is 3z - 7.

Dividing numerator and denominator by 3z-7, we obtain as
respective quotients 22 - 22+ 3 and 522 -z - 3.

Thus 37°-1527+232-21 (32-T)(23-22+3)_2?-2¢+3,

Ezample. Reduce to lowest terms

1525-3823 -2z +21 ~ (3 -T7)(32%-2-3) bz’-z-3
166, If either numerator or denominator can readily be
resolved into factors we may use the following method.

2+32 -4z
723~ 1822+ 62 +5
The numerator = z(2?+ 3z — 4) = z(z +4)(z - 1).

Of these factors the only one which can be a common divisor is
x-1. Hence, arranging the denominator so as to shew z—1 as a

Example. Reduce to lowest terms

factor, 2z +4)z-1)
z+4)(x -
the fraction =g Y Tz < 1)~ B@=1)
_ z(x+4)(z-1) 2(z+4)

(®-1)(723-11z-5) Ta3-11z-5
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EXAMPLES, XIX. b.

Reduce to lowest terms :
1, T-2+22-2 2 a*+a+2 |
* 3+ T2+ 2 * ad—4a*+5a-6
3 y*-2y2-2y-3 4 md -m?-2m
' 3P +4yi+4y+1 * mP-mi-m-2
g, oi-2a2 6 _ 9-am-%at
' a%-4a% - 21ab? ' 32%-10ax? - 7a%x — 4a?
q, B-dz-1 g, 212 -9
¢ 223 -327+1 * 25 +6c%d - 28cd? - 24d3
g, *-2z+8 10, Y6 +20-92
T ) P | © PHTS+3 - 1ly
11, 1-2+62 19, 2-bw-4at+32d
* 2z +928 * 4+4x+927+ 423 - 5ap

[For additional examples see Elementary Algebra.]

Multiplication and Division of Fractions.

157, Rule. 7o multiply together two or more fractions:
multz'p.liy the numerators for a new numerator, and the denomi-

nators for a new denominator.
a_c¢ ac
Thus 3%3"bd
.. a_c_e ace,
Similarly, 3% xj—’ =5’

and so for any number of fractions. -

In practice the application of this rule is modified by re-
moving in the course of the work factors which are common
to numerator and denominator.

Erample. Simplify 28.+32, 4a’-6a

4a® " 12a+18
son = U2a+3) 2a(2a-3)
The expression v B 6a13)
=22-3
12a”°

by cancelling those factors which are common to both numerator and
denominator.

158. Rule. 7o divide one fraction by another: invert the
divisor, and proceed as in multiplication.
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a,c a d_ad
Thus A e

Brample. Simplify 87-0x-2', z-a . 2zta

The expression =

az -a? 927 - 4a? " 3az +2a?
6z?-azx-2a® 2-a | 3axr+2a°
ax—a® 92%-4a?  2x+a
=(3x_2a)(2x+a)x x - -_Ax("(sx"“zﬁ_)
awr-a) (32 +2a)(8x-2a) 2z +a
=1,

since all the factors cancel each other.

EXAMPLES XIX. c.

Simplify
1 x2:c3+8x’. 2 ab+2 xg’l—sab’
' 22432 24z ' 4a2-12ab” %’ -
3 23 +3cd, c+d 4 5y-10y°, 1-2y
* 42-9d? " 2d -3d* * 1247465 Qy+y°
5 21-4 .z-2 6 b2-5b  9b*-16a?
* PBdr+d z+2 * 3b-4a H2-25
7 22+92+20 , 22+ 72 +10 8 Y-y-12 4 -29-24
' a®+b5x+4 " 2P+3x+2 * T -16  y+6y+9’
9 a®+27 . a’—-4a-21 10 2a*-3a-2 3a%>-8a-3
‘ a*+9%+14° a®-49 * a*-a-6 38a?-5a-2
11, P12 2B-1 g, 3ml-m-2  dm’im-F
* b5bi+24b-5" b%-5b°+25b " 3mi+8m+d4’ m+2
13 2p’+4p P*-5p+6 p*-2p-15
b e 2
64ab . x-7
14. :t:’—::c-56x8¢r."b—a’Ta’:¢'—8a,2
15 4x‘+4x—]5x z+8 +2:1:’+57:
* i%z—48 223-16z+18 (z-6)
16 a®+8ab-96*  a?-Tab+12b% a,"+a.2b Fab?
* a?+6ab-270% a®-b® —3ab—4b%
17 ax?-16a® = 2’+az- Mai_:_t’ 8azx +16a?
' B-ax-30a2 ax?+9a’z+20a% 2%+ 8ax + 15a%
18. (a-b)’_—c’xq’+ab+acx(a+b)9-

a*—ab+ac (a—cff-b" (a+b+c)

[For additional examples see Elementary Algebra.]
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Lowest CoMMON MULTIPLE.

159, DerivitioN. The lowest common multiple of two
or more algebraical exgressions is the expression of lowest di-
mensions which is divisible by each of them without remainder.

The lowest common multiple of compound expressions which
are given as the product of factors, or which can be easily
resolved into factors, can be readily found by inspection.

Ezample 1. The lowest common multiple of 62%a — z)?, 8a%(a — z)3,
and 12ax(a - z)® is 24a’%2%(a - ).
For it consists of the product of
(1) the L.C.M. of the numerical coefficients ;

(2) the lowest power of each factor which is divisible by every
power of that factor occurring in the given expressions.

Example 2. Find the lowest common multiple of
3a?+9ab, 2a® - 18ab?, a®+ 6a?b + 9ab?
Resolving each expression into its factors, we have
3a?+9ab = 3a(a + 30),
203 — 18ab? = 2a(a + 3b)(a - 3b),
a’+6a?b + 9ab® = a(a + 3b)(a + 3b)
: =a(a+3b)%
Therefore the L.C.M. is 6a(a + 3b)%a — 3b).

Ezample 3. Find the lowest common multiple of
(y2* - 2y2)’, Y22 - 2°), 24+ 2028+ 2%,
Resolving each expression into its factors, we have
(2 - 2y2)={yalz - 2) P = y*2*(z - 2)?,
Y (x2? - 2%) = yPx(2? - 2%) = xy¥(z - 2)(z + 2),
28+ 2228 + 2% = 2222 + 222 + %) = 2%z + )3,
Therefore the L.C. M. is zy%%(z + z)%(z — z)3.
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EXAMPLES XX, a.

Find the lowest common multiple of

1. a3 a®-a 2. 22, x2-323. 3. 4m3, 6m®-8m3
4, 623, x4+ 322 b, b*+b, b¥-b. 6. 23-4, 2%+8.
{, 9a*b-b, 6a?+2a. 8, B-k+1, B-1.

9, m*-5m+6, m3+5m-14. 10, ¥*+3y5 ¥*-9°
11, 22-92+14, 22+42-12. 12, 28+27%°, 2?+xy-6y2
13. 5*+95+20, b*+b-20. 14, c?-3cx-1823 c?-8cx+1223,
16, a?-4a-5, a*- 8a+15, a® - 2a?- 3a.
16. 222-4dxy - 16y°, 22— 6y +8y? 322- 1242
17. 32%-12a%z, 42%+16az+16a®. 18, a®c-a’c, (a%e+ac?)®
19, (ax-2a2?)?, (2ax - 4a?)2. 20, (2a-a??, 4a®-4a°+at.
21, 222-z-3, (2x-3)% 4a2%-9.
22, 222-Tx-4, 623-Tx-5, 2%-822+16z.
23, 102%%2® - g?), 15y =z -y), 122y (z - y)(=? - 3°).
24, 222+z-6, T22+11x-6, (72?-3z)%.
25. 6ad-Ta%x - 3ax?, 10u?z - 1laz®-6z°, 10a?-2lax - 1022

160. When the given expressions are such that their factors
cannot be determined by inspection, they must be resolved by
finding the highest common factor.

Ezxample. Find the lowest common multiple of
224+ 2% — 2022 — T +24 and 224+ 323 - 1322 - Tz +15.

The highest common factor is 22+ 2z - 3.
By division, we bbtain
224 4 23 — 2023 - Tz + 24 = (23 + 22— 8)(22% - 82 - 8).
204 + 328 — 132 - Tz + 15 = (a2 + 2 - 3)(22% — z - ).
Therefore the L.C. M. is (22+ 2z - 3)(222 - 3z — 8)(22%~ 2 - 5).
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EXAMPLES XX. b.

Find the lowest common multiple of

23 -222-13x- 10 and 2°-22-10z- 8.

¥ +3y2 -3y -9 and y°+3y*- 8y -24.
m®+3m?-m -3 and m®+6m?+11m+6.
224 - 223+ 2%+ 32 -6 and 424 —223+32-9.

AN e

. Find the highest common factor and the lowest common
multiple of (z-2%?3, (2?-2a3%)?, 2%- 24

6., Find the lowest common multiple of (a*-a%z?)?, (a®+ax)’,
(ax — 22)%

7. Find the highest common factor and lowest common multiple
of 622+5x-6 and 62°+x—-12; and show that the product of the

H.C.F. and L.C.M. is equal to the product of the two given expres-
sions,

8. Find the highest common factor and the lowest common
multiple of a?+5ab+6b% a?-4b% a3—3ab?+ 205,

9. Find the lowest common multiple of 1-2?-2%+2® and
142x+2%—af - 2P

}0. 2£in(ﬁl the highest common factor of (a®-4ab?)?, (a®+2a%)3,
(a*x +2abx).

11, Find the highest common factor and the lowest common
multiple of (3a2 - 2ax)?, 2a%z(9a? - 42%), 6a’z — 13a%2? + Bax.

12. Find the lowest common mrvltiple of 23+ 2% +2y? 2%y -y*
Py + P+ ’

[For additional examples see Elementary Algebra.]



CHAPTER XXL

ADDITION AND SUBTRACTION OF FRACTIONS.

161, To find the algebraical sum of a number of fractions
we must, as in Arithmetic, first reduce them to a common
denominator. For this purpose it is usually most convenient to
take the lvwest common denominator.

Rule. 70 reduce fractions to their lowest common denomin-
ator: find the L.C.M. of the given demominators, and take tt
for the common denominator ; divide it by the denominator of the
first fraction, and multiply the numerator of this fraction by the
%z'wtient s0 obtained; and do the same with all the other given

actions.

Example. Express with lowest common denominator
bx da
2a(z - a) and 3z(22 - a?)
The lowest common denominator is 6az(z — a)(x +a).
We must therefore multiply the numerators by 3z(x+a) and 2a
respectively.

Hence the equivalent fractions are

152%(z + a) an 8a?

6az(c - a)(x+a) 6ax(z - a)(x+a)

162, We may now enunciate the rule for the addition or
subtraction of fractions. .

Rule. 7o add or subtract fractions: reduce them to the
lowest common denominator; find the algebraical sum of the
numerators, and retain the common denominator.

a,c_ad+be
Thus 3+<7— y
a ¢ _ad-be
and 5"a" bd
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163, We begin with examples in further illustration of
those already discussed in Chapter x11. .

: 2z+a  5zl-dax
Ezxample 1. Find the value of =t o

The lowest common denominator is 9a2.

Therefore the expression = 3a(2z+a) +§a? - dax

9a?
6az +3a®+ 522 - dax  3a?+ 20z +523
= 9a? =T e
y-a 3x-2a

Ezample 2. Find the value of Z=2Y 3
xy ay ax

The lowest common denominator is azy.
a(z - 2y) + 2(3y — a) — y(3z — 2a)

Thus the expression =

axy
ax - 2ay + 3xy - ax — 3xy + 2ay
= oy

=0,
since the terms in the numerator destroy each other.

.

Note. To ensure accuracy the begl:ner is recommended to use
brackets as in the first line of work above.

EXAMPLES XXI. a.
Find the value of

-2 a-1 a+b 3z-1 2+3 2x-1 .
LS e 2 —+T
3 2 6 4 6 3
g 2b-1 5-3 7543 g "2m-5 _m+3 m-5
" 5 tT2 T 0 9 "6 tTTiz
6 2z—l+3z—l z-2 6 22-5 -4 23-dx
* T7s 77T T3 Tz Tz 8%
7, ¥-2. 2-% 2-Y, g _otz a+2r z-5a
‘gz Tz ay * T 2a 7 3 " 6a

2 _ 3 3 3 _ b - -
0. 2aa5a_q :fa_,_?“_aal. 10. _x_yg,,zc_:g_‘ixg_x;_z’.
11, @-2A-S 3a3-38 1, ab-be_a 2a-ab
. [ VT * "%c “8¢”  2ab
2ay-zy+dx_,_a. a®-ab b-c 2%-ac
B =l 1 - e
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164, We shall now consider the addition and subtraction
of fractions whose denominators are compound expressions.
The lowest common multiple of the denominators should always
be written down by inspection when possible.

s e 22-3a 2x2-a
1. 1 pladi ot
Ezample Simplify 7o s
The lowest common denominator is (z - 2a)(z - a).

Hence, multiplying the numerators by 2-a and z-2a respec-
tively, we have

the expression = (22 - 3a)(x - a) - (22 - a)(z - 2a)

(z-2a)(z-a)
223 — Bazx + 3a? — (242 — Baz +2a?)
= (z—2a)(z-a)
223 — Baz + 3a%~ 22 + bax — 2a?
= (z-2a)(z-a)
az
=@-2a)z-a)

Note. In finding the value of such an expression as
= (22 - a)(z - 2a),

the beginner should first express the product in brackets, and then
remove the brackets, as we have done. After a little practice he
will be able to take both steps together.

) . 3z+2, -5
Example 2. Find the value of m+ @raf

The lowest common denominator is (- 4)(z +4)3.
(32 +2)(x+4) +(x -6)(x - 4)
(x-4)(z+4)
=328+ 4 +8+22-92+20

(x-4)(z+4)

= 4234 52 +28
(x-4)(z+4)7

Hence the expression =

166. If a fraction is not in its lowest terms, it should be
simplified before it is combined with other fractions.



132

Exzample.

The expression= 21+ 5zy -4y’ _

ALGEBRA. [crAP.
22+ 5xy -4y xy-3y?
22-16y7  2l+ay-12y7
y(z-3y)
z? - 16y? (x +4y)(z - 3y)
_+bxy-4y*
z?-16y? x+4y
= +5zy— 4y —y(z ~ 4y)
2 - 16y?
B+ 5y —dy* - ay + 4y?
22— 16y3
Ly xz+dy) =
23-16y? (z+4y)(z-4y) z-4y

Simplify

EXAMPLES XXI, b.

Find the value of

1
4,
7.
10
12,
14,

17, -

19.
21
23,

1 1
a—2ta"3 2

e b

z-a z-b

=z =

z-1"22-1
1

‘l—“i_‘ 30
a+x

atztacs O a-3
3a 1 . 2

8 #oiavz %

1, 2a

a@-0) a@+dy

2(x—a) 3z(x+a)

1 3(y+2)
F-2-3"y-y-8

3b 2
18, GiTpseT
b+e b-2¢
FShora B-d
a?+2a a

at+a-2"a+1

18,

3 2x
z+y (z+y)?

18,

20,
23 1

2. s

A2 2y

W mrmt
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Find the value of
2. a’—(:a+9_a3—5la+6 26. a’—3la+2+a’+3i—10'
ot =+2-22% 98 442 0.20 g9 L, 2L

166. The following examples furnish additional practice in
the simplification of fractions.

s 4 2 b
Ezample. Simplify 3b+3_5b—5+3ﬁ-—‘.15'

4 _ 2 . Tb+b
30+1) 5(6-1) B-1

_20(b-1)-6(b+1)+7b+5
- 15(6%-1)

_21b-21 _21(b-1)_ 7

T15(2=1) " 15(6°—1) 5(b+1)

167. Sometimes the work will be simplified by combining
two of the fractions: together, instead of finding the lowest
common multiple of all the denominators at once.

The expression =

3 _ 1 _ a-2
—z) 8(a+x) 4a+2%)
Taking the first two fractions together,
3a+zx)- (@-z) a-2z

8@ -2  dai+a)
_ a+2z a -2z

THar-2%) @+

_(a+2z)(a?+ 2?) - (a — 2x)(a?-22)

- 4(at - 2%)

_ a®+2a%x + ax? + 223 - (a® - 2a’x - ax? + 223)
- 4(a* -2

=4a’zt2ax’=az(2a+z)
Aot zh)  2af-2)

Ezxample. Simplify 8

.
the expression =
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EXAMPLES XXI, c,

Find the value of
L .8 _ 3 _2-3 g 1 _ 1 . 6
2z-1 2x+1 423-1 2a+3¢c 2a-3c 4a?-9c
1+2a 3a%+2a 2x 5 423 -9z
8 33 Toaa Tl 4 o Tetera o1
1 2a al? 2 a-3 2
b st ey 8. G @l eI
7. @ _ & __ab g L1, 1
* (a-b)® a-b (a-0)p z+3 z z+1
9 1 1 0. 53 2
‘ 2P8-y-3 2%P+y-1 ' 443x-22 3+4x+ad
R L
' z(z-1) z(z+1) 22-1 t (x-2)2 +4 -2
2 3 1
13. 3-a @+a)3-a)(1+%) @-a)(l+2a)
14, y-2 _ 2y-3) . y-4
(y-3)y-4) (¥y-2)y-4) (y-2)(y-3)
15, 1 -__2+= 2+3z+327
Cl-z (1-2)2-2) (1-2)(2-z)(3+2)
16 2 3 .1
* 2-bay+6y -2y-6y3 2B-4yY
17 ba _  a+3 + a+l
* 6(a?-1) 2(a®+2a-3) 3a?+6a+3
z-5 2z 3z-6
18. ﬁ—4::—5+:c’+2x~x’+x—6'
19, % - b a4+
* a-b a'rab+bh BI-B
g0, 36-2), 2-3 _ 1
* B+27 22-32+9 z+3
21 ) 1 _ dzy
* (z-y)? d+2ay+y? A-22%+0
99, % _-.& _ @
(x—a) 22—a® (z-a)®
23, 1 1 3 24, 7 z 3

Tzt ore Gy i(1+z) 4Q1 —z)+2(1+?)'
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3 _ 38 _ 2 22-6 _ 2a-3
26. 2m-4 2m+4 3m*P+12 26. a?-6a+9 a?*-a-6

a b b? z-3_z-1__ 1
a1 §+b’ 28. z-4 z-2 (@-2)7

a-b a+b
z3:t6 -3_ =z
29'4:—6 Jxx-3
1

1 L1 1
0. 257 3-2) 5ary a+e

168, To find a meaning for the fraction — b’ we define it as

the quotient resulting from the division of —a by — b ; and this
is obtained by dividing @ by b, and, by the rule of signs, pre-
fixing +.
-a_ . a_a
Therefore Py Sl S SREEIER R (1).
Again, =~ 5 % is the quotient resulting from the division of —a

by b; and this is obta.med by dividing @ by b, and, by the rule
of signs, prefixing —
-a_ a

Therefore it SRR @).

Likewise ib is the quotient resulting from the division of

aby —b; and this is obta.med by dividing @ by b, and, by the
rule of signs, prefixing —

‘a a
Therefore = —3(3).

These results may be enunciated as follows :

(1) If the signs of both numerator and denominator of a
fraction be changed, the sign of the whole fraction will be un-
changed.

(2) If the sign of the numerator alone be changed, the sign of
the whole fmctwn will be changed.

(8) If the sign of the denominator alone be changed, the sign
of the whole fraction will be changed.

b—a_-(b-a)_—b+a,_a—b.
y-z -(y-=z) -yt+tz z-y
z-22 —z+x’_ 22—z

FHxample 2. =- =
vl 2y 2y 2y

Example 1.
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3z 3z 3z
Ezample 3. -2~ Tiid~ 2%

Example 4. Simplify # +;2_x_a Q%{

Here it is evident that the lowest common denominator of the first
two fractions is 22~ a?, therefore it will be convenient to alter the
sign of the denominator in the third fraction.

Thus the expression= — . == __ 1977
P z+a z-a 2%2-a?

=a(x—a)+2x(x+a)—a(3x—a)

_a3
_az—a?+ 22+ 2ax — 3ax +a?
= z2—a?
_ 222
Tz?-a?
1 1 1

Example 5. Simplify @=ba=o + B=ap=a) + )

Here in.ﬁnding the L.C.M. of the denominators it must be
observed that there are not siz different compound factors to be
cpnsidered ; for three of them differ from the other three only in
sign.

Thus (a-c)=-(c—a),
(b-a)=-(a-b),
(c=b)=-(b-c).

Hence, replacing the second factor in each denominator by its equi-
valent, we may write the expression in the form
1 1
(a-b)c-a) (b-c)a-b) (c-a)b-c)
Now the L.C.M. is (b-c)(c-a)(a—b);
~(b-c)-(c—a)-(a-Db)
(b-c)(c-a)(a-b)
_—btc—cta-a+bd
" (b-c)(c-a)a-D)
=0.
Note. In examples of this kind it will be found convenient to

arrange the expressions cyclically, that is, so that a is followed by b,
b by ¢, and ¢ by a.

and the expression =
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169, If thesign of each of two factors in a product is changed,
the sign of the product is unaltered ; thus
(@-2)b - 2)={~(@—a){ - (- B)} =(z — a)w—b).
Similarly, (a—2)=(r—a)
In other words, in the simplification of fractions we may

change the sign of each of two factors in a denominator without
altering the sign of the fraction ; thus

11
@—-a)c=b) (a-b)b-c)

170. The arrangement adopted in the following example is
worthy of notice.

s e 1 1 2z 423
Bzample. Simplly o~ @R @i
Here it should be evident that the first two denominators give
L.C.M. a® -3, which readily combines with a?+ 22 to give L.C.M.
a! a4, which again combines with a*+2* to give L.C.M. a®-25
Hence it will be convenient to proceed as follows :

atz-(a-z)_  _

The expression = p e

Q,Tj:?

EXAMPLES XXI. d.

Find the value of

5 3z L 4-13z 10 2 .1
L me =t & e sratas

5a 1 1 % _ 5 . 12y+8
8 s@-ntat-atiery & %3 eyeotm-1ng
g, *te_z-a, daz 6 3—2c+2c+3+ 12

Z-a z+a aF-a% * 3+2 2-3 47-9
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Find. the value of

1

9.
11,
12,
13.
16.
17,
19,
20.
2L
22.
23
24
26.
26.
a1,
28.

a b b a b
et avd b-a 8 aowtareteog
a a a 8-
Pz z-B F-1 10. —ys-if *w—?ﬁy—'
1 + 2 1
(y-2)y-3) (y-1)3- y) -Diy-2)
a _ b " T
(z-a)a-b) (z-b)a=-b) (a-z)b-=)
2 3 1 1 a ab
EE e e S )
ate  _ b+e 16 z-2 y-2
(@a-d)z-a) (b-a)(b-=) ¢ @-ye-2) (y-z)y-a)
a+b_ 2 | a*-a® 18 a’-ab_al-b a
b a+b bP-a) " P-ab ab-a b
1,11,
at+z a-2x z-a 2zx+a
3 1 3 1
m—3x+a+m+a—3z

z

y 2
E-9E-D G-AF-2 @-DE-9
a b '3
(b—c)(b—a)+(c—a)(c—b)+(a—b)(a—c)
y-2 z-x  , x-y
(z-y)x-2) (y-z)Ny-=z) (-z)z-y)
1+p l1+¢q 147
(p-q)(p—7) (g-7)g-p) (r-p)r-q)
1 1 = =
4(x+a) 4a-z) 2(27-a%) a'-2*
1 1 .1 2t
2 a+z) 20%z-a) a¥ai+z?) 2P-a¥
a b a.’+b8 ab

Py R a‘+(a+b)(a’+b’)
1 2 2 1
z-2t@vapt @-ap 712



CHAPTER XXIL

MisceELLANEOUS FRACTIONS.

171. DeriNiTiON. A fraction whose numerator and deno-
~ minator are whole numbers is called a 8imple Fraction.

A fraction of which the numerator or denominator is itself a
fraction is called a Complex Fraction,

are Complex Fractions.

IR

Thus

CYRS K
QUlaloa

In the last of these types the outside quantities, « and d,
are sometimes referred to as the extremes, while the two middle
quantities, b and ¢, are called the means.

Instead of using the horizontal line to separate numerator
and denominator, it is sometimes convenient to write complex
fractions in the forms :

5 3 35

Simplification of Complex Fractions,
172. 1t is proved in the Elementary Algebra, Art. 111, that

a
b a.c_a d_ad
g_b “d b7c be
d

The student should notice the following particular cases, and
should be able to write down the results readily.

a b a a
2 .
%=a-:%-axb-ab.
b



140 ALGEBRA. [crAP.

173. The following examples illustrate the simplification of

complex fractions.
z+%
Example 1. Simplify =
i
ion = a? -~ -
The expresalon—(x+;) . (x >

==!:’+a’x 22 _ 22
z d-at B-ad

3,a_

Erample 2. Simplify -3
F P e 178
6727 a
Here the reduction may he simply effected by
fractions above and below by 6a, which is the L.C.

denominators.
. _18+243-12a
Thus the expression= “F13a-18
_2(a?-6a+9) 2Aa-3)
(a+6)(@a-3)" a+6

a4+ a?-b?
s e al-bl a3+ bl
Ezample 3. Simplify atb ab
a-b a+bd
_(a?+ 02— (a? - b2 4a%? s
The numerator = @@= (@R a-B)°

Ty &

.. . 4ad
similarly the denominator = CFICE0)
. 4a%b? 4abd
Hence the fraction= @@= - @rha=h
_ 4a%b? (a+d)a-b)
T@re - 4ab
=2
a7+

Note. To ensure accuracy and neatness, when the numerator and
denominator are somewhat complicated, the beginner is advised to

simplify each separately as in the above example.
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174, In the case of Continued Fractions we begin from
the lowest fraction, and simplify step by step.

Ezample. Find the value of —1 —
4-
T
2+l—z
The expression = 1 1
. 43 3(1-z)
2-2x+2 2-z
l-2
.1 1
8-42-3+3z b-z
2-2 2-z
2-z

Find the value of
1 a 1-a b
10 zTy_' 2. b__g’ 30 l__l. 4» -l—'
2 d a3 -a
a_z 1.1 a-? P_,
z a 2~ d q
b e5F T b i
z a z y b d pg A
at+8 -5 y-3+¥ 1.3 4
9, —f—r 10. 2, 11, Zir
1458 y-2+3 n-16
a? a Y n
6 a b
12 ”_ﬁhm 18 By ey
' z-4+ 1 ) b-4+L -l—+—+-—.
z+3 b+3 atab ' b
c+d_c-d o-azb 2+3_2+3
15 c—d_c+d 16 l—aab. 17 7 _x+4.
‘ ct+d c-d " l_#a-b) ‘" z-3 z-3
c—d+c+d 1-ab 1 tzC
1 1 3
18. l+—l' 19, Tt = 20, 2 —y
1+= T 4~
a z d
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Find the value of
1 1
21, —= 22— 28, ———
1+ 25 2+ — 1--_1_1.
1-- z+= -2
z z y
2. _1‘.:'_. 25, —Y. 26, —2—
2- I 1- ‘;’, -Lc
1= 1-35% a2
97 23-1 28 3a-2¢
93 2421 8a -2 —
1+- % 1-3a-<)
z-1 3a -2

175. Sometimes it is convenient to express a single fraction
as a group of fractions.
62y - 102y +15y° _ B2y _10zy? | 154
Ezample. 10237 1023 10233 | 10237
=113
% z 22%

176, Since a fraction represents the quotient of the nume-
rator by the denominator, we may often express a fraction in an
equivalent form, partly integral and partly fractional.

z+7_(2+2)+5 5

Example 1. ) _ﬁ2—=l+?+_2'
3c-2_3(x+5)-156-2_3(x+5)-17_o_ 17
Hzample 2. z+56 z+5 Ty =3 z+6
203 -Tx=1_,. _ ,_ 4
Example 3. Shew that 23— =2z-1 =3
By actual division, z-3)222-T2x-1(2x-1
22? - 6z
- z-1
- z+3
-4

Thus the quotient is 22— 1, and the remainder —4.

Therefore 22.=12-1_o,_ 1.4
z-8 z-3
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177. If the numerator be of lower dimensions than the
denominator, we may still perform the division, and express the
result in a form which is partly integral and partly fractional,

Ezample. Prove that —2%__ =2z 6ad+1825— 0%

1+323 1+32°
By division . 1+32%) 2z (22 - 623+ 1828
2z + 623
—623
— 628 — 1825
182°
1825 + 5427
— 5427
whence the result follows.

Here the division may be carried on to any number of terms in
the quotient, and we can stop at any term we please by taking for
our remainder the fraction whose numerator is the remainder last
found, and whose denominator is the divisor.

Thus, if we carried on the quotient to four terms, we should have

2 . _ 16229 -
T3 22 - 62+ 1828 W+l_+3x"
~ The terms in the quotient may be fractional; thus if 2?
is divided by 2®-—a?, the first four terms of the quotient are
1,2 2 and the remainder is 2,
7t zat 7+ zw and the remain s
178. The following exercise contains miscellaneous examples
which illustrate most of the processes connected with fractions.

EXAMPLES XXII, b,
Simplify the following fractions :

1. 1-2° g 1222+z-1 1462402

¢ 1+2x+22+2% * 1-8x+1623° 1627-1
a+b,  4dadb at+tb _ 2a

3. a=b B-a¥ 4 a’—ab-20 a?-4b?

g Z-l_2+2+] g &y _(z-y)

z-1 zB+z+l z-y zt+y
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Simplify the following fractions :

7 aba? - acx + bry - cy 8 1( a __a )_ 3
' adtay-ax-y * z\a-z a+3z/ a+3x
2 3 5
O o P Iy Vo) Sy 7
_1 2*+a? a 1
3a_ a x z
0. =T %1 . = tere
72327
12, 4 ___1 13, e
1- 2 % 3 _3(2*-27z+54)
z-1 z+1 1-2
cd(a?+ b?) + ab(c3 + d?) z 1+2\_1
14 cd(a? - %)+ ab(c?—d?) 16. (l+z’x—z’—) zF
16, 1 _ 1
* 28-3ax?+4a® 25-axd-dalr+4a”¥
at+d_ 2(4a 1
17, 2 “xa=-4 18, ?(4“ 9) 1
* 2, a’+8 -I+6 +3
a a

223+ 2% - 3z x5:»:’-8:::—21_2_ 23 -32-9

18. 3522 +242-35" 2%+ Ta* -8z *T23+51z—40

20. (pq;;ppr)+(qrtﬁq fp) (rfz)%r rq)

n () (st} vt
B G ot G

2. ( +y2)(y’]x‘) ac’-'zzy*-zyfy’_ii_y'

24, a®-1 a’-4a+3 . a’—g_;a’-—a-2}]
@+a-6 Lai—datrd \@+ail @41 *

2. (2_la + 2al— a:) (3‘16 - 3a1- x) - M’(zf;at?:- 3a)
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Simplify the following fractions :
26 1 1 1 2a?
" 8a-6 6at6 3a3+3 3a°+3
g, ¥ . 1 & _ 1
* 2a°4+326% 8a+16b 4a7+1662 8(2b-a)

32+b ,20-7, 202-3b
B st @t
1

ol R M e

ﬁz‘ﬂz’_y’x 14+¥ m’+-l—+l
R
2\ =z m m

ab ac 1 1 1
82. (a:ss“——u_bc)<l—_§+:§+§)-
c

a-c¢ a-c
38 l+a«:+c 1 ac ac (g g)
* 1- cla—c) ) 1- q( c a
T+ac 1-
1
34, Bata) '3 1 1

1 Tz-3a 3(z+3a)+(z 3a)’
a



CHAPTER XXIIL

HARDER EQUATIONS.

179. SoME of the equations in this chapter will serve as a
useful exercise for revision of the methods already explained ;
but we also add others presenting more difficulty, the solution
of which will often be facilitated by some special artifice.

The following examples worked in full will sufficiently illus-
trate the most useful methods.

6x-3 3x-2
Example 1. Sqlve %Ti-z¥5

Clearing of fractions, we have
(8 - 3)(z + 5) = (32 — 2)(22 +7),
622+ 272x-15=623+17x-14; .
S 10z2=1; :
_1
=10
Note. By a simple reduction many equations can be brought to
the form in which the above equation is given. When this is the
case, the necessary simplification is readily completed by multiply-
ing across or * multiplying up,’’ as it is sometimes called.
82+23 b6x+2 22+3
Example 2. Solve % ~3z+di= 5 1.
Multiplying by 20, we have
82+23-20052+2) g, 1 1220,
3z +4

_20(5z+2)

By transposition, 3l= 3+

Multiplying across, 93z + 124 = 20(5z +2),
84=7x;

S o z2=12,
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180. When two or more fractions have the same denomin-
ator, they should be taken together and simplified.

1o 2U-5z Sx-49 28
Example 1. Solve +—9 +_Cz_=m-13.

By transposition, we have
82-49 1o 98- (24-52),

4-z z-2 °
3-5z_4+5z
4-z z-2 .

Maultiplying across, we have
3z - 527 -6+ 102 =16 - 4z + 20z - 523 ;
that is, -3x=22;
__22
z= 3

z-8 z2-4 2-5 2-7
FExample 2. Solve._mg‘:6x7:’:9

This equation might be solved by at once clearing of fractions, but
the work would be laborious, The solution will be much simplified
by proceeding as follows,

The equation may be written in the form
(z— 10)+2+(z 6)+2 (z-7)+2 (- 9)+2

z-10 z-6 - =z-7 T =z-9
whence we have
1+ 2 41y f6—1+_l7+1+ 2
which gives ;-IT> +;_f_6 - 51_7%%9“
Transposing, = llo-z-l_f-;l—s'ﬁ
3 3

(z=10)(z-7) " (z-9)(z-6)
Hence, since the numerators are equal, the denominators must be
equal ;

that is, (2 -10)(z - 7) = (z - 9)(z - 6),
23-172+70=23-152+543
S 16=22;

& x=8.
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EXAMPLES XXIII. a.

Solve the following equations :
L .3 . 1 7 _ 2
* bx-9 4z-10 6z-17 4z-13
7 _3-4z 1 4 _
8 i =5z =43 "
g, 5z-8_bz+ld g 82-1_42-3
* z-4 z+7 * 6x+2 3z-1
22:-12_,  3z+7 9-92 30-5_
T =8 " 2tirs 8 oF moy
g, 8219 1 3r-4 10, JZ+2 .1, 6z-1
» =10 2 241 " 3@=1) 3 3z+T
z-5_%-1_bz-1_,2
I =% 10 %
Bz-17,2:-11_23_ 3:: 7
B &t 1w Ba
_4z-3_1-9z_4z+3_1
B z-7 i % CRR > Sl
14, 2% 1. 1
* z+1 z+2 x+3 3z+6
5, .18 _ 7 4
* 7-4 3z-18 4z-16 z-6
1 1 _ 3 1
16. 6t mr10 G@rd)
z-1_2z-5_2-3_=z-17
1. =2 76 z-4 z=%
1,1 _ 1 1
18 ot enitzom
1 1 1 1
18 seite7=-3T=-F
z-1_ 2 _z-4 z-3
2. S 1o 3 =4
gl 52-64_dz-55_2r-11_z-6
z-13 =x-14 =x2-6 =z-7

[omap.
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Solve the following equations :
22 5z+31 _2¢+9_x-6 2213

12241, 65 _l1+l12z

B, e 143
b5z x+3_, z-3

N S e e

[For additional examples see Elementary Algebra.]

Literal Equations.

181. Ix the equations we have discussed hitherto the co-
efficients have been numerical quantities. When equations
involve literal coeflicients, these are supposed to be known, and
will appear in the solution.

Exzample 1. Solve (z+a)(z+b) —c(a+c) = (2 —c)(x+c)+ab.
Multiplying out, we have
2 taxt+br+ab-ac-cd=a?-c3+ab;
whence ax+ bz = ac,
(a+d)z=ac;
ac

=,

a+b
Example 2. Solve o b jab

z-a z-b z-¢
Simplifying the left side, we have
a(z—b)—b(z—a)zg-_b
(x-a)z-b) =z-¢
(a-b)x _a-b,
(x-a)z-b) z-c’
—x =
(x-a)z-b) z-¢
Multiplying across, 2?-cx =2?-ax-bz+ab,
ax+bx - cz = ab,
(a+b-c)lz=ab;

o 2=

|
o

J_

a+b-¢
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Example 3. Solve the simultaneous equations :

To eliminate y, multiply (1) by ¢ and (2) by b ;
thus agz -bqy = cq,
bpz + bgy = br.
By addition, (ag+bp)x=cq+br;
x= M .
aq+bp .
We might obtain y by substituting this value of z in either of the

equations (1) or (2); but y is more conveniently found by eliminat-
ing z, as follows.

Multiplying (1) by p and (2) by a, we have
apz - bpy = cp,
apz +aqy = ar.
By subtraction, (ag+bply=ar-cp;
. y=or-cp
T agtbp

EXAMPLES XXIIL b,

Solve the following equations :

1. ax+b?=a?-ba. . 2. 22-al=(2a-2z)%
8. a*a-2z)+abz = b}z -D). 4, (b+1)(z+a)=(b-1)(z-a)
6. a(x+b)-b=a2-ba-=zx). 8. x-d*=d¥x+c
7. a(z-a)+bz-b)+c(x-c) =2(ad+bc+ca).
at . B z_ 2,1 1
8 Zb=zte % %R o

10. z+(z-a)(z-d)+a?+b3=b+at-a(db-1).
11 2::-a_3x-b_3a’—§13’. 19, %-% b—z_al+b?

[} a ab a-b a+b ai-b¥
ax-b ,bx-c_a-cx z+a--b_z+b-c
13. e e T 1 Z+b+c z+a+d

—2)=P(z-q)2=p(p- z_ 3\
16. plp-2)-B=-g)-plr a)+m(q 1) 0.
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Solve the following simultaneous equations :

16, z-y=a+d, 17, cx-dy=c*+d?, 18, ax=by,
ax+by=0. x+y=2c. z-y=c
z. 9. a b zt+y_a
19. 3ts a+b, 20, z y " 21, z-y~b
z.Y_ z. Y- =Y _o9p,
atp =% ats=% at s 2
z y_a.b zry_z-y_o
22. E a—b+al 23« P q
ala+2) = b(b-y). ’i;—yﬂ}q“p’w’-
o4 22-b_%yta_3zty 9, x+by_l_al-8
a b a+2b * brtay 2 bztay

Irrational or Surd Equations.

182, DeriniTION. If the root of a guantity cannot be ex-
actly obtained the indicated root is called a surd.

Thus /2, /5, %/a®, Na?+b? are surds.
A surd is sometimes called an irrational quantity; and

quantities which are not surds are, for the sake of distinction,
termed rational quantities,

183, Sometimes equations are proposed in which the un-
‘known quantity appears under the radical sign. For a fuller
discussion of surd equations the student may consult the Zle-
mentary Algebra, Chap. xxx11. Here we shall only consider a
few simEle cases, which can generally be solved by the follow-
ing method. Bring to one side of the equation a single radical
term by itself : on squaring both sides this radical will disappear,
By repeating this process any remaining radicals can in turn
be removed. -

Ezxample 1. Solve 2Nz -N4z-11=1.

Transposing, . 2Nz -1=a4z 11,
Square both sides ; then 4x-4./z+1=42-11,
: 4,z =12,
Nz =3;

Sooz2=9,
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Example 2. Solve 2+ Vz-5=13.
Transposing, Vz=5=11.
Here we must cube both sides ; thus =-5=1331;
whence z = 1336.
6/z-11_2./2+41
Exzample 3. Solve 5z - Wzi6
Multiplying across, we have -
6Nz = 11)(Nz+6) =3 22Nz +1);
thatis,  6x—11./2+36./z—66=6z+3A/2,
=11,/z+36\/2~3\/z = 66,
22,/ = 66,
Nx=3;
oxz=9,
EXAMPLES XXIII c,
Solve the equations :
1 WJz-2=1 2 W6-2z=17. 8 ¥Vz-T=2
4, 2/z+1= b. 3¥T-2z=-1. 6. %:’21.
7. N1-b5z=3V1-=z. 8, 2A6z-3-7,/x=0.
9 N2i-Tiz-7= 10. 3NI-Tz+42?=5-6z
11, 1+ /=38 +7z-11= 12, Nz-11= . /z-1
18. Naz+13+24/z=13. 14, 3+ +122-33=24/32.
Az-1 Jz 3 Nzt+d _ z+5
16. Ne+3 Nz 16. 3Jz-8 3Jz-7
1
17. 2 x‘3=2Jz-§ 1& 2~/z—7=2+ 15 §
z=-1 JH% "/"135 /z-13
19, J—l+4x+2,,/x=-%'. 20, Wz+Wz-3= J
21, Niz+7-Nz+1=nNz-3 22 ~/4z-8—~/z+3=~/z—4.



CHAPTER XXIV.

HARDER PROBLEMS.

184, Ix previous chapters we have given collections of
problems which lead to simple egiuations. We add here a few
examples of somewhat greater difficulty.

Example 1. If the numerator of a fraction is increased by 2 and
the denominator by 1, it becomes equal to §; and if the numerator
and denominator are each diminished by 1, it becomes equal to }:
find the fraction. ’

Let z be the numerator of the fraction, y the denominator ; then

the fraction is Z.

From the first supposition,
. 2+2_5
P R 1),
from the second, 11 .
w_ =
S I R cersrenisnenes o (2)
From the first equation, 8z-56y=-11,
and from the second, 22— y=1;

whence z=8, y=15.

Thus the fraction is %

Example 2. At what time between 4 and 5 o’clock will the
minute-hand of a watch be 13 minutes in advance of the hour-hand?

Let = denote the required number of minutes after 4 o’clock ;
then, as the minute-hand travels twelve times as fast as the hour-
hand, the hour-hand will move over i% minute-divisions in z minutes,
At 4 o’clock the minute-hand is 20 divisions behind the hour-hand,
and finally the minute-hand is 13 divisions in advance ; therefore the
mindn.te-ha.nd moves over 20+ 13, or 33 divisions more than the hour-
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Hence z= £+33,

11 _ on.
T5!:-33,
S 2=36.

Thus the time is 36 ninutes past 4.

If the question be asked as follows: ¢‘ At what ¢imes between
4 and 5 o’clock will there be 13 minutes betwcen the two hands?”
we must also take into consideration the case when the minute-hand
is 13 divisions behind the hour-band. In this case the minute-hand
gains 20 - 13, or 7 divisions.

Hence ‘z=%+7,
which gives A x=7%

Therefore the times are 7111' past 4, and 36’ past 4,

Example 8. A grocer buys 15 lbs. of figs and 28 1bs. of currants
for $2.60 ; by selling the figs at a loss of 10 per cent., and the cur-
rants at a gain of 30 per cent., he clears 30 cents on his outlay ;
how much per pound did he pay for each ?

Let 2, y derioté the number of cents in the price of a pound of
figs and currants respectively ; then the outlay is

162+ 28y cents.
Therefore 162+28y=260........c000viinnnnn ().

The loss upon the figs is -117) X162 cents, and the gain upon the

currants is iaﬁx 28y cents ; therefore the total gain is
42y 8
-—611 - —2:5 cents ;

.8y 38z _ g,
5T =30;
that is, 28y —562=100.....c00e00eracese..(2).

From (1) and (2) we find that =8, and y=5; that is, the figs
cost 8 cents a pound, and the currants cost 6 cents a pound.

Example 4. Two persons A and B start simultaneously from
two places, ¢ miles apart, and walk in the same direction. 4 travels
at the rate of p miles an hour, and B at the rate of ¢ miles ; how far
will 4 have walked before he overtakes B ?
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Suppose 4 has walked 2 miles, then B has walked 2 — ¢ miles,

A walking at the rate of » miles an hour will travel # miles in
; hours; and B will travel z-¢ miles®in ?’T'? hours; these two
times being equal, we have

whence z=_PC .

Therefore 4 has travelled f—q miles.

Ezxample 5. A train travelled a certain distance at a uniform
rate. Had the speed been 6 miles an hour more, the journey would
have occupied 4 hours less ; and had the speed been 6 miles an hour
}ﬁ:s, the journey would have occupied 6 hours more. Find the

istance.

Let the speed of the train be = miles per hour, and let the time

gccupied'lbe ¥ hours ; then the distance traversed will be represented
zy miles. .

: yOn the first supposition the speed per hour is 2 + 6 miles, and the
time taken is y -4 hours. In this case the distance traversed will
be represented by (z + 6)(y — 4) miles.

On the second supposition the distance traversed will be repre-
sented by (z - 6)(y + 6) miles.

All these expressions for the distance must be equal ;

< ay=(2+6)(y-4)=(x-6)y+6).
From these equations we have
TYy=xy+ 6.'/ -4z -24,

or 6y-4x=24 ............ teesereeesentareneaes (1);
and zy = xy — 6y + 6z - 36,
or 6x-6y=36 ........ teererresaterestesanennes (2).
From (1) and (2) we obtain = =30, y = 24.
Hence the distance is 720 miles.

EXAMPLES XXIV.

1. If the numerator of a fraction is increased by 5 it reduces to §,
and if the denominator is increased by 9 it reduces to § : find the
fraction.
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2. Find a fraction such that it reduces to § if 7 be subtracted from
its denominator, and reduces to § on subtracting 3 from its numerator.

3. If unity is taken from the denominator of a fraction it reduces
to 4 ; if 3 is added to thé numerator it reduces to § : required the
fraction.

4. Find a fraction which becomes £ on adding 5 to the numerator
and subtracting 1 from the denominator, and reduces to 3 on sub-
tracting 4 from the numerator and adding 7 to the denominator.

b. If 9 is added to the numerator a certain fraction will be
increased by 3 ; if 6 is taken from the denominator the fraction
reduces to § : required the fraction.

6. At what time between 9 and 10 o’clock are the hands of a
watch together ? .

7. When are the hands of a clock 8 minutes apart between the
hours of 5 and 6?

8, At what time between 10 and 11 o’clock is the hour-hand six
minutes ahead of the minute-hand ?

9. At what time between 1 and 2 o’clock are the hands of a
watch in the same straight line ?

10. When are the hands of a clock at right angles between the
hours of 5 and 6?

11. At what times between 12 and 1 o’clock are the hands of a
watch at right angles ?

12. A person buys 20 yards of cloth and 26 yards of canvas for
$35. By selling the cloth at a gain of 16 per cent. and the canvas
at :d gain of 20 per cent. he clears $5.75 ; find the price of each per
yard.

13. A dealer spends $1445 in buying horses at $76 each and
cows at $20 each ; through disease he loses 20 per cent. of the horses
and 25 per cent. of the cows. By selling the animals at the price
he gave for them he receives $1140; find how many of each kind
he bought.

14. The population of a certain district is 33000, of whom 835
can neither read nor write. These consist of 2 per cent. of all the
males and 3 per cent. of all the females: find the number of males
and females.

16. Two persons 0 and D start simultaneously from two places
a miles apart, and walk to meet each other; if C walks p miles per
hour, and D one mile per hour faster than C, how far will D have
walked when they meet ?

16, A can walk a miles per hour faster than B; supposing that
he gives B a start of ¢ miles, and that B walks n miles per hour,
how far will 4 have walked when he overtakes B?
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17. A, B, C start from the same place at the rates of a, a+b,
a-+2b miles an hour respectively. B starts n hours after 4, how
long after B must C start in order that they may overtake 4 at the
same instant, and how far will they then have walked ?

18. Find the distance between two towns when by increasing
the speed 7 miles per hour, a train can perform the journey in 1
hour less, and by reducing the speed 5 miles per hour can perform
the journey in 1 hour more.

19. A person buys a certain quantity of land. If he had bought
7 acres more each acre would have cost $4 less, and if each acre
had cost $18 more he would have obtained 15 acres less: how much
did he pay for the land ?

20. A can walk half a mile per hour faster than B, and three-
quarters of a mile per hour faster than C. To walk a certain dis-
tance C takes three-quarters of an hour more than B, and two
hours more than 4: find their rates of walking per hour.

2]1. A man pays $90 for coal; if each ton had cost 50 cents
more he would have received 2 tons less, but if each ton had cost
76 cents less he would have received 4 tons more ; how many tons
did he buy ?

92, A and B are playing for money ; in the first game A4 loses
one-half of his money, but in the second he wins one quarter of
what B then has. When they cease playing, 4 has won $10, and
B has still $256 more than A4 ; with what amounts did they begin ?

923, The area of three fields is 516 acres, and the area of the
largest and smallest fields exceeds by 30 acres twice the area of
the middle field. If the smallest field had been twice as large, and
the other two fields half their actual size, the total area would
have been 42 acres less than it is ; find area of each of the fields.

24, A, B, C each spend the same amount in buying different
qualities of cloth. B pays three-eighths of a dollar per yard less
than 4 and obtains three-fourths of a yard more; C pays five-
eighths of a dollar per yard more than 4 and obtains one yard less ;
how much does each spend ?

25. B pays $28 more rent for a field than 4; he has three-
fourths of an acre more and pays $1.76 per acre more. C pays
$72.50 more than A ; he has six and one-fourth acres more, but pays
25 cents per acre less ; find the size of the fields.
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MISCELLANEOUS EXAMPLES IV.

1. When a=-3, b=5, ¢=-1, d =0, find the value of
26¢ X/a® — ¢*d + bbc — dac + =

92, Solve the equations:
(1) %z—gy=8—2z, -%y—3a:=3-y;
(2) 1=y+z=2(z+2)=3(x+y).

3. Simplify
M z;;—a’Tz’ z-a

(@) B=3b  B14b-30 1-3K-10b
P-2b+4 BP+3b-18  b+8

4 a-3x

’

4, Find the square root of
. 160,5 , 80 , 64 5 64
9 — 36x + 602 T:r:’+§41.4 T::z.-"+8_l:a:“.

[cHAP.

6. In a base-ball match the errors in the first four innings
are one-fourth of the runs, and in the last five innings the errors
are one-third of the runs. The score is 16, and the errors num-

ber 5; find the score in the first four innings.

6. Find the value of -2 E.
1 a+2

1 2
@ ez’ A

., Find the value of

-3

%(a+2)—3(l —%b) —§(2a-3b+g)+§b—4(%a—}).

2 3

8. Resolve into factors
(1) 3a?-20a-7; (2) a'h?-blad,

4234+ 722 -2 +2

., Reduce to 1 ; —xTal
9 uce to lowest terms 4294523 7~ G
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10. Solve the equations:
z-12_z-4 -8
) z-3-"g==tgs
2) z+y-2=0, z-y+z=4, bx+y+z2=20;
3) ax+b+dx+e___l. :
J
z+3 __ z+2 4
-5z+6 2°-9x+14 22-10z+21
12. A purse of sovereigns is divided amongst three persons, the
first receiving half of them and one more, the second half of the

remainder and one more, and the third six. Find the number of
sovereigns the purse contained.

11, Simplify P

13, XX h=-1, k=2, 1=0, m=1, n=-3, find the value of
Bm—10) - N3hn+hk
m(l— h) - 2hm?+ X4k
14. Find the L.C.M. of
15(p*+¢%), 6(p*- pg+4°), 4P*+pg+¢?), 6(p*-¢*)
16. Find the square root of-

4?9 .
W gt ®

(2) 1-6a+5a%+12a%+4at

N 2023 +27x+9 , 2022+ 272 +9
16, Simplify = o6t o7+ 17276

17, Solve the equations:

a(z-b) blz-a)_, .
W Tt

9 .3 _ 4 8
ey S s R

18. A sum of money is to be divided among a number of per-
sons ; if §8 is given to each there will be $3 short, and if $7.50 is
given to each there will be $2 over: find the number of persons.
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.

19, Resolve into factors :
(1) 222-3ab+(a-6b)x; (2) 4a?-42y- 1542
20, In the expression 23— 22+ 32 - 4, substitute a -2 for z, and
arrange the result according to the descending powers of a.

21, Simplify

z 23
1+2 a+;.

92, Find the H.C.F. of
32%-112%+ 2415 and 524723 -202%-112-3,

23, Express in the simplest form

z ¥
—_y=z . 2-1, 241 .-_(L 1
@ z+y_y+z’ @ (z—l+x+l)' x—l+a:+l)'
y z

24, A person possesses $5000 stock, some at 3 per cent., four
times as much at 3} per cent., and the rest at 4 per cent. : find the
amount of each kind of stock when his income is $176.

26, Simplify the expression
- 3[(a+b) - {(2a ~ 3b) - (Ba+7b~16¢) - ( - 13a +2b — 3¢ - 5d)}],
and find its value when a=1, b=2, ¢=8, d=4.
26. Solve the following equations :
(1) 1ly-z=10, 11z-10ly=110;
(2) 2+y-2=3, z+2-y=6, y+z-2=17
27. Express the following fractions in their simplest form :

323 -22+12 |
T

1—.
i
1+%+3
2-z

28, What value of a will make the product of 3-8a and 3a+4
equal to the product of 6a+11 and 3-4a?
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29, Find the L.C.M. of 23-2*-3z-9 and 2*-22?-52-12.

30. A ce-tain number of two digits is equal to seven times the
sum of its digits: if the digit in the units’ place be decreased by
two and that in the tens’ place by one, and if the number thus
formed be divided by the sum of its digits, the quotient is 10. Find
the number.

31. Find the value of
62— Bay - 67 3a%-zy—dy? . 0u?—Gay - By?
220t zy -9 229-6ay+3y°  223-3Baxy+y?

32. Resolve each of the following expressions into four factors :
(1) 4a*-17a%3+4b4;  (2) 2®-2564%

33, Find the expression of highest dimensions which will divide
24a'b — 2a%? - 9ab* and 18al + atl? — 6a®h® without remainder,
34, Find the square root of
(1) z(z+1)(xz+2) (z+3)+1;
(2) (2a%+13a+15)(a?+4a - 5)(2¢* + a - 3).
86, Simplify
_ _2z-6 2*+3x-4
2-6x+9 Drz-12
36. A quantity of land, partly pasture and partly arable, is sold
at the rate of $680 per acre for the pasture and $40 per acre for the
arable, and the whole sum obtained is $10000. If the average price

per acre were $50, the sum obtained would be 10 per cent. higher:
find how much of the land is pasture, and how much arable.

z -3+




- CHAPTER XXV.
QuabprATIC EQUATIONS.

185. DEFINITION. An equation which contains the square
of the unknown quantity, but no higher power, is called a quad-
ratic equation, or an equation of the second degree.

If the equation contains both the square and the first power
of the unknown it is called an affected quadratic; if it contains
only the square of the unknown it is said to be a pure quadratic.

Thus 222—5:=3 is an affected quadratic,
and 522=20 is a pure quadratic.

Pure Quadratic Equations.

186. A pure quadratic may be considered as a simple equa-
tion in which the square of the unknown quantity is to be found.
9 _ 2 .
22—27 2211
Multiplying across, 9x2—99=2622—675 ;
% 1622=576;

Example. Solve

K oo 23=36;
and taking the square root of these equals, we have
r=+6.

[In regard to the double sign see Art. 119.]

187. In extracting the square root of the two sides of the
equation z2=36, it might seem that we ought to prefix the
double sign to the quantities on both sides, and write +2=+6.
But an examination of the various cases shows this to be un-
necessary. For +z=16 gives the four cases:

+z=+46, +z=—-6, —z=+46, —x=-6,
and these are all included in the two already given, namely
z=+6, z=—6. Hence, when we extract the square root of the

two sides of an equation, it is sufficient to put the double sign
before the square root of one side.
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Affected Quadratic Equations.

188. The equation z2=2386 is an instance of the simplest form
of quadratic equations. The equation (z—8)?=25 may be
solved in a similar way; for taking the square root of both
sides, we have two simple equations,

z-3==%5. .
Taking the upper sign, #—3=+5, whence =8
taking the lower sign, = £—3=—5, whence r=-2.

.*. the solution is z=8, or —2.
Now the given equation (z—3)}=25
may be written % — 6z +(3)*=25,
or 2t —6x=16.
Hence, by retracing our steps, we learn that the equation
23-6x=16

can be solved by first adding (3)® or 9 to each side, and then
extracting the square root; and the reason why we add 9 to
each side is that this quantity added to the left side makes it a

perfect square.
Now whatever the quantity a may be,
22+ 2ax+a?= (z+a)?,
and 2% —-2ax+at=(z-a);
so that if a trinomial is a perfect square, and its Aighest power,
x2, has unity for its coeficient, we must always have the term
without # equal to the square of half the coefficient of 2. If,

therefore, the terms in z2? and = are given, the square may be
completed by adding the square of half the coefficient of z.

Ezxample. Solve 23+ 14z =32,

The square of half 14 is (7)3
27+ 142+ (7)2=32+49;
that is, (x+7)2=81;
z+7=%9;
z=-T7+9,0r -7-9;
z =2, or -16.

189, - When an expression is a perfect square, the square terms
are always positive. Hence, before completing the square the
coeficient of x* should be made equal to +1,
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Ezample 1. Solve Tx=2?-8.

[cHAP.

Transpose 8o as o have the terms snvolving z on one asde and the

square term positive.

Thus 23-Tx =8,
. 7 49
Completing the square, 22-7z+ s 8+i H
. ' _7)’_81 )
A —-——=%-3
FrgTEgl
_7.9
B z-ité,
s z=8,0or -1

8 _32%+5
Example 2. Solve 4 Ik

Clearing of fractions, 122+4-8=32%+5;

bringing the terms involving 2 to one side, we obtain

32?-122=-9.
Divide throughout by 3; then
?-42=-3;
2i-4x+(2)?=4-3;
that is, (x-22=1
z-2=%1;
z=3,0rl,

EXAMPLES XXV, a.

Solve the equations :

1, 7(2*-7)=62% 2 (z+8)(x-8)=17. 3,
22+8 _1 1

. ”""20-2 5. '3—'-4(3"'3) 6.

7. «*+2x=8 8. 2%+6z=40. 9.

10, 23+z=6. 11, 2*-156==2 19,
13, 2%+4zx=32. 14, 9z+36=23 16.

(T+2)(7-z)=24.
2(3z +5) +21
(3x-2)(2x+3)
23+ 35 = 122.
11z +12 =22
22 +152-34=0.

=1
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Solve the equations :
16. %(w+7) -(6-2%) = g(xua). 17, Z+5_z+37

z-2 2z-1

z+3 , 2-2_ 5 2-4z+118_,
18. z2+2 -3 (z+2)(x-3) 18, 2x+2_‘3" .
3z+1_ 4
20. —2——‘ x—_l--x+2.

190. We have shown that the square may readily be com-
pleted when the coefficient of #? is unity. All cases may be
reduced to this by dividing the equation throughout by the
coefficient of 27 .

Ezxample 1. Solve 32-322=102.

Transposing, 323 +102 =32,
Divide throughout by 3, so as to make the coefficient of 23 unity.
Thus 22+ -lgz = 3__32
Completing the square, a:’+-13£z+ (g)’ ='¥+% ;
_ (2)-5
x+g= t% H
o z=-Stl=gor -5k

-
[
10

Dividing by 5, B+ —x=

(]
-

Dl od
we

Completing thesquare, z"+%l z+

N
)
sl=
S—
®
I
gl o

jl

Tt
o
b
8.—‘ +

2
that is, (:v:+!l

'-l.-'
-
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191, We see then that the following steps are required for
solving an affected quadratic equation :

(1) If necessary, ai%h' the equation so that the terms in
x? and x are on one side of the equation, and the term without x
on the other.

(2) Make the coeficient of x3 unity and tive by dividing
throughout by the coefficient of x*. poritive by

(3) Add to each side of the equation the square of half the
coefficient of x.

(4) Take the square root of each side.

(5) Solve the resulting simple equations.

192. When the coefficients are literal the same method may
be used.

Example. Solve T(x+2a)*+ 3a?=5a(7z +23a).

Simplifying,  72?+28az +28a? + 3a?=35az + 115a%;

that is, 723 - Tax = 84a3,
or 2% - az=12a3,
. a\? P
Completing the square, 23 —ax+(§) =12a% + T’
. ’ 2 49q2
that i, (”‘g) =2,
z=4a, or -3a.

193, In all the instances considered hitherto the quadratic
equations have had two roots. Sometimes, however, there is
only one solution. Thus if #*—22+1=0, then (z-1)*=0,
whence =1 is the only solution. Nevertheless, in this and
similar cases we find it convenient to say that the quadratic has

two equal roots.
EXAMPLES XXV, b,

Solve the equations :
1, 32*+2x =2l 2, b2? =8z +21. 3, 622-2-1=0.
4, 3-11z =422 b, 212%=22+3 6. 10+232+122% = 0,

7. 1623- 6z =9. 8, 42°~1Jz=15. = 0, 822-10z-15=0.
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Solve the equations :
10, 1022+3z=1. 11, 1223+7z=12. 193, 202*-2-1=0.
13, 23+2az = 15a%. 14, 22*—8a%=15az. 15, 3?=k(2k-5z).
16, 11bz+20b° = 32" 17, 92%-143¢* = 6cz. 18, 2a%® = ax+1.
19, (z-38)(z-2)=2(2*-4). 20, 5(x+1)(3x+5) = 3(3z%+ 11z +10).
21, 329+13+(z— 1)z +1) = 22(2z + 3).

Tz-3_3z 2 _=z-1 3x-1_22-9
2. ¥l 2 2. 3z 2z-1 2. z+9 =z-4"
62-5_=z_ z-4 _ 1__ 11
2. z+5 3 . 26. Tz+1 27 2(3+22)

27. 3(2z+3)*+2(22+3)(2-z) = (z-2)%
28, (3z-17)"-(22z-3)* = (z - 4)(3z +1).
[For additional examples see Elementary Algebra.)

194, Solution by Formula, From the preceding examples
it appears that after suitable reduction and transposition
every quadratic equation can be written in the form

az?+br+c=0,

where a, b, ¢ may have any numerical values whatever. If
therefore we can solve this quadratic we can solve any.
Transposing, a+bzr=—c;
s b
dividing by a, a,‘+ax= _s,

Complete the square by adding to each side (;‘;)’; thus
2 2
‘”2+§ + (i) =_b__3;

2a/ 40 a
. . b )3 b2—4dac ,
that is, (x+2—a =g
extracting the square root,
b X (b dac),
%= 2’

bt (b2 - da0)

oo X= 2a
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195, In the result x:ﬁéw,
it must be remembered that the expression \/(b*—4ac) is the
square root of the compound quantity b —4ac, taken as a whole.
‘We cannot simplify the solution unless we know the numerical
values of a, b, ¢. It may sometimes happen that these values
do not make b*—4ac a perfect square. In such a case the exact
numerical solution of the equation cannot be determined.

Ezample. Solve 5z2-13z-11=0.
Here a =5, b=-13, ¢=-11; therefore by the formula we have
,=_(—13)t~/(-13)2-4.5(-11)
2.5

_13+ N169+220
10
_13+ 389
10 ° .
Since 389 has not an exact square root this result cannot be
simplified ; thus the two roots are
13+ /389 13- ,/389
100 ° 10
196. Solution by Factors. There is still one method of

obtaining the solution of a quadratic which will sometimes be
found shorter than either of the methods already given.

Consider the equation x’+gw=2.

Clearing of fractions, 3z?+7x—-6=0........ TN ¢ § 1
by resolving the left-hand side into factors we have
(8z—2)(z+3)=0. .
Now if etther of the factors 3z —2, 2+ 3 be zero, their product is
zero. Hence the quadratic equation is satisfied by either of the
suppositions

3r-2=0, or z+3=0.
> -8

It appears from this that wken a quadratic equation has been

simplified and brought to the form of equation (1), its solution

can always be readily obtained if the expression on the left-hand

Thus the roots are
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sude can be resolved into factors. Each of these factors equated

to zero gives a simple equation, and a corresponding root of the
quadratic.

Example 1. Solve 2i3-ax+2bx = ab.
Transposing, 8o as to have all the terms on one side of the equation,

we have
222 —ax+2bx - ab = 0,
Now 223 - ax +2bx - ab = z(2z - a) + b(2z - a)
= (2z - a)(z+b).
Therefore (2z~a)(z+b)=0;
whence 2c-a=0,orz+d=0,

x:%, or -b.

Example 2. Solve 2(x?-6)=3(x-4).

We have 22-12= 3z-12;
that is, 222 = 3% cueveeivnrinnnennnnnnges (1
Transposing, 223 -3z =0,
x(2z-3) = 0.

=0, 0or22-3=0.
Thus the roots are 0, -g

Note. In equation (1) above we might have divided both sides by
wnd obtained the simple equation 2z = 3, whence = = g, which is one
of the solutions of the given equation. But the student must be
particularly careful to notice that whenever an z is removed b;
division from every term of an equation it must not be neglected,

since the equation is satisfied by x =0, which is therefore one of
the roots.

197. Formation of Equations with given roots, It is

now easy to form an equation whose roots are known.

Example 1. Form the equation whose roots are 4 and —3.
Here z=4,0r 2x=-3;
S x-4=0,0rz+3=0;
both of these statements are included in
(x-4)(xz+3)=0,
or 2B-2-12=0,
which is the required equation.
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Example 2. Form the equation whose roots are a and —g.

Here z=a, ora;:—g;
. B\ _
the equation is (x-a.)(x+§)—0;
that is, (x-a)(3z+b) =0,
or 322 -3ax+bx-ab=0.

EXAMPLES XXV, ¢,

Solve by formula the equations :

1. 2*+2x-3=0. 2, 22-22-1=0. 3, 2*-3x=65.

4, 322-2z=1. b, 22*-9x=4. 6, 32*+7x=86.

7. 42*-14=3z. 8, 622-3-Tx=0. 9, 1222+10=23z.

Solve by resolution into factors:
10, 22-9x=90. 11, 2?-11lz=152. 12, 2?-85=12z.
13, 222-3z=2. 14, 32%+52+2=0. 15, 4*-1l4==z

16, b622-11z+2=0. 17, 2*-a?=0. 18, 2*-Taz=8al,
19, 12+2-23bz+106%=0. 20. 3ax®+2bx =Tz
21, 2422+ 22cx = 21c% 22, 22-2z+4b =2z,

Solve the equations :
23, 2z(z+9) = (z+1)(5-=z).
24, (22-1)2-11=5z+(x-3)%
26. 6(x-2)2+13(1 ~ z)(x - 2) + 623 = 6(22 - 1).

3 4 _ 3 _ 2 _2
2 szt M e z7it7
10 9_ 4 2+3_ 4(z-6)_
B iz B 3t re o>
_ 1 z 6_ 2*-6
80. 3z=_—5+% 8L 3-z73@79)
3z 1 r+1

23 K 5_
32. m+ﬁ'=§(ﬁ+5)- 33. ;_—3-‘;—6'
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Solve the equations:
242 _4-z_ 212316 _, _
e R 8. =g ~1®=5
sz+41, z-8 _17 . 1 3 _1
8. Tetmoir 8l se-n*=-i~t

oz -b)_ o _bla-2) (o es2d -
88, = 30, (p-g)x+72=(p+q
40, b+ @ _o 41, (x—1)==(’3_§)’z.

z-a z-b c

[For additional examples see Elementary Algebra.]

108, Simultaneous Quadratic Equations. If from either
of two equations which involve 2 and y the value of one of the
unknowns can be expressed in terms of the other, then by sub-
stitution in the second equation we obtain a quadratic which
xy be solved by any one of the methods explained in this

pter. .

Example. Solve the simultaneous equations
bz+7y=1, 42%+32y-2y2=10.

From the first equation, = = 1 —573/ , and therefore by substitution

in the second equation, we have

41 ;571/)’_'_&?/(15;7!/)-21/’:10;

whence 4~ 56y + 1962+ 15y — 1052 - 50y =250 ;
that is, 4132 -41y-246=0;
y*-y-6=0;
o (y-3)y+2)=0;
Soy=3,or -2

From the first equation, we see that if y=38, then z=—4, and if
y=~2, then z=38, . :

Homogeneous Equations of the Same Degree.

199, The most conyenient method of solution is to substitute
y=mz in each of the given equations. By division we eliminate
z and obtain a quadratic to determine the values of m.
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Eaxample.

and
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Solve the simultaneous equations

5a3+3y?=382, z?-zy+2y°=16.
Put y =mz and substitute in each equation. Thus

22(543m3) =382 .ccciiiinnninninnneennnns (1),
22(1-m+2m?) =16 ....cccuuuunee. eereereeteaeees (2)
5+3m? _32_

By division,

that is,

_ From (1),

10.

13.
16.

I-m+2om* 16
m2-2m-3=0;

.
’

(m-38)m+1)=0;
m=3, or -1.

(1) Take m =3 and substitute in either (1) or (2).

3222=32; whence z=+ 1.

. y=mz=3z==%3.

- (2) Take m = -1 and substitute in (1). Thus

' 822=32; whence z=+ 2.
y=mz=-2=F 2

EXAMPLES XXV. d.

Solve the simultaneous equations :

z+3y=9, 2, 3z-4y=2, 3,  2x+y=5,
xy =6. xy=2. ] b2 -zy=2.
z-2y = 3, b, 3z +y =9, 6, 2x-5y =1,
22+ 4y?=29. 3zy-y3=9. 22 -8y2=1.
Z-y=1, 8 2-2-1 9, =-%=3
2y =24 10zy=1 zy-yi=4
z l— E 1!: 22:—9':1
2% 11, 3+3=3% 12, el
3.y 8 3. 3y-2=8.
z+3"1 z y 4
322+7y? =55, 14, 16zy-32*= 77, 16, 22°+5y’=143,
2.3+ T2y = 60. Tzy+3y2=110. 8y +3y3 =195,

22+ 22y +2y2 =17,
323 -9y - y3=119.

17, 2122+3zy -32=371,
5x? + 3zy + 5y = 266,



CHAPTER XXVI

PROBLEMS LEADING TO QUADRATIC EQUATIONS.

200, W shall now discuss some problems which give rise
to quadratic equations.

Example 1. A train travels 300 miles at a uniform rate ; if the
speed had been 5 miles an hour more, the journey would have taken
two hours less : find the rate of the train.

Suppose the train travels at the rate of 2 miles per hour, then the

time occupied is 3—:):-0 hours.

On the other supposition the time is xﬂ hours ;

+b
300_300_2,
T
whence 23+ 52 - 750 = 0,
or (z+30)(x-25) =0,
L x =25, or -30.

Hence the train travels 25 miles per hour, the negative value
being inadmissible.

[For an explanation of the meaning of the negative value see
Elementary Algebra.]

Erample 2. A man buys a number of articles for $2.40, and sells
for §2.562 all but two at 2 cents apiece more than they cost; how
many did he buy ?

Let 2 be the number of articles bought ; then the cost price of

" each is 2—:(-) cents, and the sale price is :L; cents,

252 240 _,.
T T =4,
-2 =z
that is, :_3%_1_:.%1.
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After simplification, 6z +240 = 23 - 22,
or 22 -82-240=0;
that is, (z-20)(z+12)=0;
o x2=20,0r -12,
Thus the number required is 20.
Ezample 3. A cistern can be filled by two pipes in 333 minutes ;

if the larger pipe takes 15 minutes less than the smaller to fill the
cistern, find in what time it will be filled by each pipe singly.

Suppose that the two pipes running singly would £ll the cistern
in z and z — 15 minutes ; then they will fill a_lcmd . 1 1 Of the cistern
respectively in one minute, and therefore when running together they

will fill (l + 1 )of the cistern in one minute.
zr z-15

1 3 . : N
t fill ., or -
But they 7Y oF 150 of the cistern in one minute.

1, 1 3 -
= z-15 100
100(2x - 15) = 3z(z - 15),
322 - 2452 +1500=0,
(z-76)(3z-20)=0;
x="75, or 6§.

Thus the smaller pipe takes 75 minutes, the larger 60 minutes.
The other solution 6§ is inadmissible, ’

Hence

201. Sometimes it will be found convenient to use more than
one unknown.

Example. Nine times the side of one square exceeds the peri-
meter of a second square by one foot, and six times the area of the
second square exceeds twenty-nine times the area of the first by one
square foot : find the length of a side of each square.

Let z feet and y feet represent the sides of the two squares ; then
the perimeter of the second square is 4y feet ; thus

9z -4y=1.
The areas of the two squares are 22 and y? square feet ; thus
' 6y®-2923=1.
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9z -1
4

From the first equation, y=

By substitution in the second equation,
-1y
—3(9;8 L I

that is, 1122-542-5=0,

or (x-5)(112z+1)=0;

whence 2 =5, the negative value being inadmissible.
Also, y=% - Lo

Thus the lengths are 5 ft. and 11 ft.

EXAMPLES XXV1,

1. Find a number which is less than its square by 72.

2. Divide 16 into two parts such that the sum of their squares
is 130.

3. Find two numbers differing by 5 such that the sum of their
squares is equal to 233,

4, Find a number which when increased by 13 is 68 times the
reciprocal of the number.

b. Find two numbers differing by 7 such that their product
is 330.

6. The breadth of a rectangle is five yards shorter than the
length, and the area is 374 square yards: find the sides.

7. One side of a rectangle is 7 yards longer than the other, and
its diagonal is 13 yards : find the area.

8. Find two consecutive numbers the difference of whose reci-
procals is g.

9., Find two consecutive even numbers the difference of whose
reciprocals is giy.

10. The difference of the reciprocals of two consecutive odd
numbers is g3y : find them.

11, A farmer bought a certain number of sheep for $315;
through disease he lost 10, but by selling the remainder at 75 cents
each more than he gave for them, he gained $75: how many did
he buy ?

12. By walking three-quarters of a mile more than his ordinary
pace per hour, a man finds that he takes 1} hours less than usual to
walk 20} miles: what is the ordinary rate ?
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13. A cistern can be filled by the larger of two pipes in 5 min-
utes less than by the smaller. When the taps are both running the
cistern is filled in 6 minutes: find the time in which the cistern
could be filled by each of the pipes.

14. A man buys a dozen eggs, and calculates that if they had
~ been a cent per dozen cheaper he could have bought two more for

twelve cents: what is the price per dozen ?

15. The large wheel of a carriage is one foot more in circum-
ference than the small wheel, and makes 48 revolutions less per
mile: find the circumference of each wheel.

16. A boy was sent out to buy 12 cents’ worth of apples. He
ate two, and his master had in consequence to pay at the rate of a
cent per dozen more than the market price. How many apples did
the boy buy ?

17. A lawn 45 feet long and 40 broad has a path of uniform
width round it ; if the area of the path is 50 square yards, find its
width.

18. By selling one more apple for a cent than she formerly did,
a woman finds that she gets a cent less per dozen: how much does
she now get per dozen ?

19, Four times the side of one square is less than the perimeter
of a second square by 12 feet, and eleven times the area of the tirst
is less than five times the area of the second by 9 square feet : find.
the length of a side of each square,

20. Find a number of two digits such that if it be divided by tha
product of its digits the quotient is 7, and if 27 be subtracted from-
the number the order of the digits is reversed. [Art. 111.]

21, A person buys some 5} per cent. stock ; if the price had
been $5 less he would have received one per cent. more interest on
his money : at what price did he buy the stock ?

22, The area of each of two rectangles is 1008 square feet ; the
length of one is 8 feet more than that of the other, and the difference
of their breadths is 3 feet : find their sides,

28. There are three numbers of which the second is greater than
the first by 6 and less than the third by 9. If the product of all
three is 280 times the greatest, find the numbers.

24, Find four consecutive integers such that the product of the
two test is represented by a number which has the two least for
its digits.

256, Two trains 4 and B start simultaneously from two stations
P and Q which are 260 miles apart. A reaches Q in 3 hours, and
B reaches P in 43 heurs after they meet : find the rate of each train,
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[T%e following examples are arranged ively : 1-24 may
be taken after CHAP. X111 ; 25-36 after CHAP. XVIL ; 37-48 after
CHAP. XX.; 49-60 after CHAP. XXIL ; 61-72 after CHAP. XXIV.
The remaining examples are quite general and cover the contents
of the whole book.]

1. If 2=3, y=-2, 2=0, find the value of
323+ 5yz+4y°
z-4y+2
Divide 3p°+16p*- 33p*+14p? by p*+7p.
Find the sum of a -2(b-3¢), 3{a-2(b+c)}, 2{b-2(a-2b)}.
Simplify by removing brackets 7[3a - 4{a — b+ 3(a+3)}}
Solve the equations :
[4)) z+4 z-4

B B
2 2+z 2x-1_, 23-2
(2) 5(1' 4)+—2— ——7—-7 5
6. A is three times as old as B ; two years ago he was five times
a8 old as B was four years ago : what is A’s age?

oo o

o

7. Find the product of 2a-3b-(a~2b-¢) and b-2c—(a—c).
8 Ifa=1,5=0, c=-1, d=2,-¢ =-2, find the value of
A+ ++dP - +at+ 2+ +d - €
9. Remove brackets from the expressions :
(1) a-[5b-{a—(3c-3b)+2~(a-2-c)}];
2) 2a-3{b-4(c- d)}]-[a-4{b-6(c-d)}]
10. If the price of 5 acres of land is $a, what is the price of z
acres ? and how many acres can be bought for §b ?
11, Divide a*—4 by a?—2a+2.
12. There are 150 coins in a bag which are either half-dollars
or quarters. If the value of the coins is $68.560, find the number
of each kind.

H.A, M
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13, Add er a—{b+c~(a+b)}+e, 2(3a+2b)-4(b+2a)-c,
and 3(2b-a)-2(3b-a)+ec.
14. Find what value of 2 will make the product of 2+3 and
2z + 3 exceed the product of z+1 and 2z +1 by 14. :
16. Divide b*+8-125¢*+ 30bc by b-b5c+2.
(1) M x 3_7.""_'4% .
29c'd ~ 2a%b* ° dab® ’
2az [ a’zc? | abzx | a'b2t
@ 5 (Goa o s
17. How old will & man be in m years who n years ago was
p times as old as his son then aged x years?

18. I bought a certain number of pears at three for a cent,
and two-thirds of that number at four for a cent ; by selling them
%t btwegty-ﬁve for 12 cents, I gained 18 cents. How many pears did

uy

19. Solve the equations:
17—8x 4x+42 Tz+14
1 —— ——— ) — . ®
M = 3 =o—6z+ =5 —;
9) 24y, 3=by_o 2z, ¥_,
@ 2 T 1 ' 14718
20, Divide a%x®+ (2ac—b?)z*+¢? by axt+c—bz3.
, If a horses are worth b cows, and ¢ cows are worth d sheep,
find the value of a horse when a sheep is worth $2.

22, TFind the highest common factor of 3a2b3c, 12a3bc?, 16a205 ;
and the lowest common multiple of 4ab?c3, 12a3b, 18ac3.
2 d adx?
he value of -%¢ @ 4 8¢ _ .
Also find the value of 5 o~ 32 5% ~ Gt
23, A gentleman divided $49 amongst 150 children. Each girl
had 50 cents, and each boy 25 cents. How many boys were there ?

., If V=6a+4b—6c, X=-3a—9b+7c, Y=20a+7b—bc,
Z=13a—bb+9c, calculate the value of V—(X+ Y )+2.
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25. Solve the equations :
1) A6=52) 63z 3036
b 50 2 125°
1 = 1 - = -
@) ety =z+l, Hy-z)=2 1.

926. Find the factors of
(1) a?-a-182; (2) 8z?+13z-6.
27. If x=4, y=5, and 2=3, find the value of .
ViB(y* - ) - 2%} + V3{a(a® - ) - 1.
28. The product of two expressions is (z+2y)?+ (32 +2)%, and one
of them is 42+ 2y +2 ; find the other.

29. When 4 and B sit down to play, B has two-thirds as much
money as 4 ; after & time 4 wins $15, and then he has twice as
much money as B. How much had each at first ?

30, Find the square root of 16a®+4a +4 - 16a+a? - 8at,

31. Find the value of

s{x-Yo-0) (o ern) (s 3z}
and subtract the result from (2 +2)(z - 3)(x+4).

82. Find the square root of
at 223 1la? 9
T3 7% e
83, If 2a=3b=c=4d =1, find the value of
a¥ b 73 d
7 %t Ja'd - Va'd + oo
84, Separate into their simplest factors :
(1) 2-2y-67;  (2) 2*-dayP-aty+ds,
35, Solve the equations :
(1) (z-1)z-2)(x-6)=(z-3)*;
3 2 2 3
2) 2—z+§3;=5, z !—l= 13.
36, A farmer sells to one person 9 horses and 7 cows for 8375,
and to another 6 horses and 13 cows at the same prices and for the
same sum : what was the price of each?
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37. When a=38, b=2, ¢c=-17, find the value of
3b%  5bc? _ 6a®
P o A
(2) e+{c~(3c-2b)+2b}.
38, Solve the equations :
1,1 1.7,
M) Zto"g"3}
(2) 52+ 3y =120, 10z = 9y + 90.

39, Find the highest common factor of 523+222-152-6 and
723 — 423 - 212 +12.

40, A coach travels between two places in 5 hours ; if its speed
were increased by 3 miles an hour, it would take 3} hours for the
journey : what is the distance between the places ?

41, From z(z+a-Db)(z-a+b) take (z-a)(z-b)(x+a+b).
42, Find the value of

227+52-3 32'-10z+3, 62%-5x+1
23 -9z 23+3x+2 323+ T723+2%

43, Divide 23+3y’+3zy-1 by z2+y-1, and extract the square

root of x‘—3~.c’+i—;x’+2x+;.

44, A man can walk from 4 to B and back in a certain time at
the rate of 4 miles an hour. If he walks at the rate of 3 miles an
hour from 4 to B, and at the rate of 5 miles an hour from B to 4,

he requires 10 minutes longer for the double journey. What is the
distance from 4 to B?

45. Find the highest common factor of
728 — 10az® + 3a2? - 4a3x +4at, 8x# - 13a2?+5a%a? - 3a’x + 3at,
46, Solve the equations :

M) z-(3-2Z=8)=oz-b7)-3;

10

(2) z-2y+2=9, 9r-8y+32=0, 2x+3y+5z=36.
47, Find the lowest common multiple of
622-z-1, 82?+T7x+2, 223+3z-2
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48, The expression ax+3b is equal to 30 when z is 3, and to 42
when x is 7: what is its value when z is 1 ; and for what value of 2
is it equal o zero?

49, TFind the lowest common multiple of
4(a®+ab), 12(ab?-0%), 18(a?-0%).
650. Extract the square root of

2
42 1% oy %a, l6at
a a z 3

61. Reduce to lowest terms

1224 + 423 - 2327 - 92 - 9
8zt~ 142 -9

62. Solve the equations:
a z-32-%_, 4x-5 y_%;7y=2(x_l)_3x8—7;

7 19
(2) 2x-y+32=1, 4z+3y-2=13, 6x-4y+2=20.
b63. Simplify

() otb_2  a%-a*,
b a+b a®Bb-b’

@) 1 _ 1
22+82+15 22+1lx+30

b4, The sum of the two digits of a number is 9 ; if the digits are
reversed the new number is four-sevenths of what it was before.

Find the number.
B6b. Solve the equations : .
Ly _4y= y-22_.1,_1,
() dz-gy-4)=1, HZZiza=;
(2) 3z+4y-11=0, by-6z=-8, 7T2-82x-13=0.

56. Find the value of
2 1 3z a

B7. Resolve into factors :
(1) 2*-22*+a; (2) a®+at-a’-1
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68, Two persons started at the same time to go from A to B.
One rode at the rate of 74 miles per hour and arrived half an hour
later than the other who travelled by train at the rate of 30 miles
per hour. What is the distance between 4 and B?

69, Find the square root of
42z 162, 9 ey 1622

9 z I5yz 168 &2t 257

60, Find the factor of highest dimensions which will exactly
divide each of the expressions

24+ c3d - 3d? - TedP - 4dS,  3ct+ cPd - 2c%dP - 9cd® - 5db.

s r+2_ p» _p-2p°,
61, Simplify (1) & "pi3 o8’

& \[a-z\?
@ (l +a—x)(a+2x) '
62. Find the highest common factor of

624~ 22%+927+92-4 and 924+802%-9.
‘What value of 2 will make both these expressions vanish ?

63. Solve the equations :

z+2 -2 _
M z-3Tz=6
%  3z-1 bz—15_
@ z-1 242 =z-2 =0.

o 6a?-bry—6y 152+ 8zy— 1248
B4 Simplly s oSy 35 BT+ ATay + 6y

66. Find the value of
z-2a_z+2 _ 16ab _ _ 4ab
z¥2b z-925 AF-g¥ “PRT=

66. An egg-dealer bought a certain number of eggs at 16 cents
per score, and five times the number at 756 cents per hundred ; he
sold the whole at 10 cents per dozen, gaining $3.24 by the transac-
tion. How many eggs did he buy ?

.
’
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67. Ifa=-1,b=-2, ¢=-38, d=-4, find the value of

2a*3+al?~3abc _a-b+c-d g+2c
a?-b?-abc “bc-2ad b ad

68. Solve the simultaneous equations :

S S
z+7,y-5_,_,_bly+])
B (ki

69, Simplify the fractions:
z-y, z-2__ (y-2

W =etas y @-2)y- Ok

Lo 1.1

B ad b a

@ T (a. 5 VT, 1
(3'5)(1;*:: ! *zﬁ*E

70. From a certain sum of money one-third part was taken and
$50 put in its stead. From the sum thus increased one-fourth part
was taken and $70 put in its stead. If the amount was now $120,

find the original sum.
71. Find the lowest common multiple of
(at—a?c?)?, 4a®-8atc?+4a’ch, a'+3a’+ 3a’c?+acd,

72, 8olve the equations:
(1) 15z+ ‘135z - 225 _ 36 _ 09z - ']8;

03 2 9
10x+4, 7-222 _11-6x 6 4x -3}
@ S tue-n- 1B e
73, Simplify
x’—4x—2lxz'+6x’-247x_._z’—20x+91
z+17 22-x-12 T =z-4
74, What must be the value of  in order that
(a+2x)2
a¥+70az + 322

may be equal to 13 when a is equal to 67 ?
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75. Find the highest common factor of 16x%+362%+81 and
8&3+27; and find the lowest common multiple of 8z3+27,
16z*+ 3623+ 81, and 62%-5z-6. .

76. 8olve the equations :
(1) a(x-a)-bzx-b)=(a+b)x-a-"D).
(2) (a+b)z-ay=a? (a®+bx-aby=a’

T7. A farmer bought a certain number of sheep for $30.. He
sold all but five of them for $27, and made a profit of 20 per cent.
on those he sold : find how many he bought.

78, Find the value of

z-y_z+y 22-3b_3b
() FHEEd, @) 2o T
TP g % 'Z2a-6b

79, Find the H.C.F. of 2123 - 262% + 8z and 6a?2® - a’2? - 2a%.
Also the L.C.M. of 23 -2z, aa3+2ax~3a, 2°-T72%+62.
80, Simplify the expression
(@+b+c)a-b+c)-{(a+c)-b-(a®+b%+cI)}
81, Solve the equations:
T+x 2-y_ao _ by-7_ 42-3 _ 1o £,
() FE-FE=3y-5, Hl+EET=18-0x;
4 6 _ b
@ Z2 el med
82. Extract the square root of
LY o2 8) 1 3(2 Y -4 4 Y
'y_‘+9 2(?+?)+3( + ) 4( + )+5.

Tl y =z
83, Find the value of
4a+6b+6a—4b_4a’+6b’+4b’—6a’ 2054
a+db a-b a*-b®  ad+b® at-b*

. A bag contains 180 gold and silver coins of the value alto-
gether of $144. Each gold coin is worth as many cents as there are
silver coins, and each silver coin as many cents as there are gold
coins. How many coins are there of each kind ?
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86. Solve the equations:
5 8 _ 13 .,
o +10 z+4 z+7
(2) V2z+6-Nz—1=2.
86. Find the factors of
(1) 20a%+21ab-278%; (2) 2%-32%-92+27.

87. If the length of a field were diminished and its breadth
increased by 12 yards, it would be square. If its length were
increased and its breadth diminished by 12 yards, its area would be
15049 square yards. Find the area of the field.

88, Simplify the expression

{(a+b)a+b+c)+cH(a+b) -}
{(a+b3-cSH{a+b+c}

89. Find the square root of
(2% +1)(22 + 3)(2% +5)(2x +7) + 16
90, Simplify

02 1 . 2
(I+a?)(1-4a°) 1-2a 1+af

91. Solve the equations:

92, Resolve into factors:
(1) 6*+62-6.  (2) 9x*-824%"+ 9yt
93, Reduce #1527+ 282 - 12

223 - 152+ 14
to its lowest terms.

94, Simplify the fraction

(a+b)? _a+2b+z (a+b)x +_l_
(z-a)z+a+bd) 2z-a) 23+bx-a’-ab 2
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05. A person being asked his age replied, ‘‘Ten years ago I was
five times as old as my son, but twenty years hence he will be half
my age.” What is his age?

96, Find the value of

{ 2a 1 1 } 3
—_— - X,
(a-z)(a+z) z-a z+a x—a+';;

’

97, Whena=4, b=-2, c=g, d =-1, find the value of
d?
3_ B3 _ (a—b)S — _a
ad— b — (a—b) ll(3b+2c)(2c’ 2).

98, Find the square root of

a‘+b‘—a’b—ab’+9a-%-.b’

99, Solve the equations:

3z _ 2 _,. . _
(1) z-1 %—_1-2, (2) 322422z = 493.

PR z(z +3y) - 3(x+y) + 2y?
100. Simplity = )~ (1+%)

. z-a z+6b
101, What value of 2 will make the sum of 3a=b) and 3atb)
equal to 2?

102. A man drives to a certain place at the rate of 8 milesan hour ;
returning by a road 3 miles longer at the rate of 9 miles an hour he
takes 7} minutes longer than in going : how long is each road ?

103, Find the product of
(1) 322-4day+Ty%  32+4ay+Ty3;
(2) z?-2y3, 22 -2xy+2y% 22+2y? 22+2zy+2y%
104, Extract the square root of
3 9 3
1 -Ex’+2x’+ﬁc‘ §z‘+z‘.
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105, Find the highest factor common to
(623 - 8y?) - y(32? - 4y®) and 2xy(2y - z)+423 -2

106, The sum of the digits of & number is 9, and if five times the
digit in the tens’ place be added to twice the digit in the units’
place, the number will be inverted. What is the number ?

107, If (a+—l—),= 3, prove that a®+ ;l,=0.

108. Solve the equations:
1) (a:+7)(y 3)+2-(y+3)(z-1) = bz~ lly+35=0,
@ 1 l Tz - 8x-4

6& 3«: 3(::-2)

109, If 2=b+c¢c, y=c—~a, z=a->b, find the value of
22+ 43 +23 — 22y — 222 + 2yz.
110. Express in the simplest form

1 + 1 + 1 + 1 :
223 +3x+1 623+5x+1 1223+7z+1 2023+ 92+1

111. Resolve into factors :
(1) 4a%?-(a®+b2- )
_ (2) ab(m?+1)+m(a?+b2).
112, Simplify the fractions :
1 .
(1) T (2) ~— m

z+l+a:+l 1-8
3-=z z

113, Solve the equations: "
(1) -z  80z+21_ 28 o

B 45;
@) Nz+12-Jz=6.

3(z+1) 5(3x+2) z+l
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114, Ten minutes after the departure of an express train a slow
train is started, travelling on an average 20 miles less per hour,
which reaches a station 250 miles distant 3} hours after the arrival
of the express. Find the rate at which each train travels.

115, Simplify
a*-64a_ [2a'+5a+2 a’—4a;a’+7a—8}]
a?-4 "|2a%+9a+4 \a’+4a dP+a-2J1"°

116. Resolve into four factors
4(ab +cd)? - (a?+ b2 - ? - d?)3.

117. When a=4, 5=-2, c=g, d=-1, find the numerical

Vicd—a(a-2b - d) - Nbc+ 115,
118. Find the value of

value

(1) a- 3 2)
b+ ib 2349
at+ 22 1--%
a-b z-6

119, Solve the equations :
(1) 15022 =2992+2; (2) az+by=ay-bx=a%+b3

120. A has 19 miles to walk. At the end of a quarter of an
bour he is overtaken by B who walks half a mile per hour faster ;
by walking at the same rate as B for the remainder of the journey
he arrives half an hour sooner than he expected. Find how long the
journey occupied each man.
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By CHARLOTTE ANGAS SCOTT, D.SC.,
Head of Math. Dept., Bryn Mawyr College, Pa.

18mo. Cloth. 75 cents.

. “ Evidently the work of a_thoroughly h The el tary truth, that
arithmetic is common sense, is the principle which pervades the whole book, and no
P , however simple, is di d unworthy of clear explanation. Where it seems
advantageous, a rule is given after the explanation. . . . Mr. Lock’s edmquble

Trigonometry’ and the present work are, to our mind, models of what ical
school books should be.”” — The Literary World.

FOR MORE ADVANCED CLASSES.

ARITHMETIC.

By CHARLES SMITH, MA,,

Author of “ Elementary Algebra,” “A Treatise on Algebra,”
AND

CHARLES L. HARRINGTON, M.A.,
Head Master of Dr. ¥. Sack’s School for Boys, New York.

18mo. Cloth. 90 cents.

A th h and prehensive High School Arithmetic, containing many good
examples and clear, well-arranged explanations. .

There are chapters on Stocks and Bonds, and on Exchange, which are of more
than ordinary value, and there is also a useful collection of miscellaneous examples.

THE MACMILLAN COMPANY,
66 FIFTH AVENUE, NEW YORR.



INTRODUCTORY MODERN GEOMETRY

OF THE

POINT, RAY, AND CIRCLE.

By WILLIAM B. SMITH, Ph.D.,
Professor of Mathematics in the Tulane University of New Orleans, La.

Cloth. $1.10.

“To the m.lxay of my fellow-teachers in America who have questioned me in

to the Non-Euclidean Geometr;, I would now wish to say publicly that

Dr. Smith’s ption of that g;- 3 advance in pure science 18 entirely sound.

.+ «_Dr.8mith has given us a book of which our country can be proud. I think it

the duty of éve‘g' teacher of geometry to examine it carefully.” — From Prof.

GrorGE BrUCE HaLsTED, Ph. D. (Johns Hopkins), Professor of Mathematics,
University of Texas.

“I cannot see any cogent reason for not introducing the methods of Modern
Geometry in text-books intended for first years of a college course. How useful
and instructive these methods are, is clearly brought to view in Dr. Smith’s admi-
rable treatise. This treatise is in the right direction, and is one step in advancing a
doctrine which is destined to recoastruct in great measure the whole edifice of
Geometry. I shall make provision for it in the advanced class in this school next
term.” — From Principal Jorxn M. CoLaw, A.M., Monterey, Va.

MODERN PLANE GEOMETRY.

Being the Proofs of the Theorems in the Syllabus of Modern
Plane Geometry issued by the Association for the
Improvement of Geometrical Teaching.

By G. RICHARDSON, M.A,, and A. S. RAMSAY, M.A.
Cloth. $1.00.

‘ Intended to be an Introduction to the subject of Modern Plane Geometry and
to the more advanced books of Cremona and others. It has a twofold object: to
serve, in the first place, as a sequel to Euclid . . .; and, secondly, as a systematic
wmeans of procedure from Euclidean Geometry to the higher descriptive &eometry
of Conjos and of imaginary points.”

THE MACMILLAN COMPANY,
66 FIFTH AVENUE, NEW YORK.




TEXT-BOOK OF EUCLID’S ELEMENTS.

Including Alternative Proofs, together with Additional
Theorems and Exercises, classified and arranged

By H. S. HALL and F. H. STEVENS.

Books I.-VI. and XI. $1.10.

Also sold separately as follows -

BookI. . . . . . 380cents. |BooksIII.-VI. . . . 75 oents.
BooksI.andII. . . 50 cents. | Books V., VI, and XI. 70 cents.
BooksI-IV. . . . Tbcents. | BookXL . . . . . 30cents.

*The chief peculiarity of Messrs. Hall and Stevens’ edition is the extent and
variety of the additions. = After each lmgg;tant proposition a ber of exer-
cises are given, and at the end of each k additional exercises, theorems, notes,
etc., ete., well selected, often i \! and interesting. . . . There are a great
number of minute details about the construction of this edition and its mechanical
execution which we have no space to mention, but all showing the care, the patience,
and the labor which have been bestowed upon it. On the whole, we think it the
most usable edition of Euclid that has yet appeared.” — The Nation.

THE ELEMENTS OF SOLID GEOMETRY.

By ROBERT BALDWIN HAYWARD, M.A,, F.R.S.,
Senior Mathematical Master in Harrow School ;
President of the A iation for the Improvement of
Geometrical Teaching.

18mo. Cloth. 75 cents.

¢ A modification and extension of the first twenty-one Jroposltions of the eleverth

book of Euclid, developed out of a Syllabus of Solid Geometry submitted by the

suthor to a Committee of the Association for the Improvement of Geometrical

Eeach!;)g, and reported upon by that C ittee with a iderable degree of
Vor.

THE MACMILLAN COMPANY,
66 FIFTH AVENUE, NEW YORK.



ELEMENTS

OF

SYNTHETIC SOLID GEOMETRY.

By NATHAN F. DUPUIS, M.A., F.R.S.C,,

Professor of Pure Mathematics in the University of Queen’s College,
Kingston, Canada.

16mo. pp. 239. $1.60.

FROM THE AUTHOR’S PREFACE.

“T have been induced to Present the work to the public, partl bg receivini
from a number of Educationists inquiries as to what work on Solid Geome
would recommend as & s:guel to my Plane Geometry, and %art y from the high
estimate that I have formed of the value of the study of synthetic solid geometry
as a means of mental discipline. . . . .

“In this work the subject is carried somewhat farther than is customa in
those works in which the subject of solid geometry is appended to that of p!

ut the extensions thus made are fairly within the scope of an elemen-

tary work and are highly interesting and important in themselves as formlng valu-
able aids to the right understanding of the more transcendental methods.”

Introductory to the Above.

ELEMENTARY SYNTHETIC GEOMETRY

OF THE

Point, Line, and Circle in the Plane.
16mo. $1.10.

“To this valuable work we previously directed special attention. The whole in-
tention of the work hss been to prepare the student to take up successfully the
modern works on analytical geometry. It is safe to say that a student will learn
more of the science from this book in one year than he can learn from the old-
fnsh!oned translsﬂons of a certain ancient Greek treatise in two years. Every

hould study this book in order to learn the logical method
of presenting the subject to beg‘lnners " — Canada Educational Journal.

THE MACMILLAN COMPANY,
66 FIFTH AVENUE, NEW YORK.



Note In filling orders for the American Edition of Smith’s Ele-
scsssscsn mentary Algebra, the Briefer Edition will be sent wherever
the Complete Edition is not distinctly ordered. A pamphlet con-
taining the answers will be supplied free, but only upon the written
order of the teacher for whose classes they are required.

AMERICAN EDITION OF

Charles Smith’s Elementary Algebra.

FOR THE USE OF
PREPARATORY SCHOOLS, HIGH SCHOOLS,
ACADEMIES, SEMINARIES, Etc.

BY

IRVING STRINGHAM, PH.D.,

PROFEBSSOR OF MATHEMATICS, AND DEAN OF THE CoLLEGE FACULTIES
IN THE UNIVERSITY OF CALIFORNIA.

BRIEFER EDITION (408 pages) e+ s+ + e+ e« « S110

This edition is the same as Chapters 1.-XXVI. of the

COMPLETE EDITION (384 pages) . . . . .« . . S$13e

¢1 have always liked Charles Smith’s Alge-
bra, and the new edition contains a good many
improvements, and seems to me an excellent
work. The use of the book in schools prepar-
ing for Harvard College would be satisfactory to
our Mathematical Department. I have already
privately recommended it to teachers who have
consulted me.”

—Prof. W. E. BYERLY, Harvard College.

THE MACMILLAN COMPANY,
'NEW YORK: 66 FIFTH AVENUE.
CHIOAGO: ROOM 23, AUDITORIUM.



A TREATISE ON ALGEBRA.
By CHARLES SMITH, M.A.

Cloth. $1.90.

No stronger commendation of this work is needed than the fact that it is the text
used in a large number, if not in the majority, of the leading colleges of the country,
among which may be mentioned Harvard University, Cornell University, University
of Ohfo, of Pennsylvanis, of Michigan, of Wisconsin, of Kansas, of California, of
Missouri, Stanford University, etc., eto.

“Those acquainted with Mr. Smith’s text-books on conic sections and solid
geometry will form a high expectation of this work, and we do not think they will
be disappointed. Its style is clear and neat, it gives alternative proofs of most of
the fundamental theorems, and abounds in practical hints, g which we may
notice those on the resolution of expressions into factors and the recognition of »
series as a binominal expansion.” — Ozford Review.

HIGHER ALGEBRA FOR SCHOOLS.

By H. S. HALL, B.A,, and S. R. KNIGHT, B.A.

Cloth. $1,90.

“The ‘Elementary Algebrs,’ by the same authors, which has already reached a
sixth edition, is & work of such exceptional merit that those acquainted with it will
form high expectations of the sequel to it now issued. Nor will they be disappointed.
Of the authors’ ¢ Higher Algebra,” as of their ‘ Elementary Algebra,’ we un-
hesitatingly assert that it is by far the best work of the kind with which we are
scquainted. It supplies 8 want much felt by teachers.” — The Athenaum,

THE MACMILLAN COMPANY,
66 FIFTH AVENUE, NEW YORK.



ELEMENTARY TRIGONOMETRY

BY

H. S. HALL, B.A., and S. R. KNIGHT, B.A.
Authors of “Algebra for Beginners,” “Elementary Algebra for Schools,” etc.

‘Cloth. $1.10.

1 consider the work as a remarkably clean and clear p ion of the principl
of Plane Trig ry. For the begi , it is a book that will lead him step by step
to i’mp its subject matter in a most satisfactory manner.” — E. MILLER, Universily
of Kansas.

“ The book is an excellent one. The ti of the fund 1 relati of
angles and their functions is clear and easy, the arrangement of the topics such as
cannot but commend itself to the experienced teacher. It is, more than any other
work on the subject that I just now recall, one which should, I think, give pleasure
to the student.” — JouN J. OBINGER, 7ke Harvard School.

WORKS BY REV. J. B. LOCK.
TRIGONOMETRY FOR BEGINNERS.

AS FAR AS THE SOLUTION OF TRIANGLES.
16mo. 75 cents.

““A very concise and complete little treatise on this somewhat difficult subject for
boys; not too childishly simple in its explanations; an incentive to thinking, not a
substitute for it. The schooli)oy is encouraged, not insulted. The illust are
clear. Abundant examples are given at every stage, with answers at the end of the
book, the general correctness of which we have taken pains to prove. The definitions
are good, the arrangement of the work clear and easy, the book itself well printed.”
- 7gtmrna1 of Education.

ELEMENTARY TRIGONOMETRY.
6th edition. (In this edition the chapter on Logarithms has been carefully revised.)
16mo. $1.10.

“ The work contains a very large collection of _Igood (and not too hard) examples.
Mr. Lock is to be congratulated, when so many Trigonometries are in the field, on
having produced so good a book; for he has not merely availed himself of the labors
of his predecessors, but by the treatment of a well-worn subject has invested the
study of it with interest.” — Nature.

THE MACMILLAN COMPANY,
66 FIFTH AVENUE, NEW YORK.
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